Unit 1 


Key techniques 


Introduction 


This unit revises the key techniques that you will need in order to study 
MST125 successfully. It summarises many of the important mathematical 
ideas and results from the underpinning module MST124 Essential 
Mathematics 1. 


If you are starting MST125 at the same time as MST124 or with start 
dates a few months apart, then you should omit all or some of this unit at 
this stage. Please make sure that you have read the important information 
in the box in the Welcome section at the start of this book. 


If you have completed your study of MST124 or have never studied 
MST124 and are not starting it now, then you are strongly advised to work 
through this unit as thoroughly as you can, so that you feel confident with 
the mathematical skills needed for MST125. As this is a revision unit, you 
are not expected to work through all of the material included here; instead, 
you should concentrate on those topics you most need to revise. The unit 
contains short quizzes to help you identify these topics. Sections 5 and 6 
on differentiation and integration are particularly important. 


For some of the activities in MST125 it is assumed that you have 
experience in working with the computer algebra system used in MST124. 
The skills that you will need are described in Section 7. 


Each of the first six sections of this unit contains: 

e a short quiz to help you to identify the topics that you need to revise 
e summaries of the key ideas in some topics 

e several activities for you to try. 


For each section, you should work through the quiz first, without referring 
to other materials or using the computer algebra system. If you are unable 
to complete a question correctly, then you will need to work through the 
text and activities in the corresponding subsection thoroughly. References 
to the relevant subsections are given in the solutions to the quiz. 


You may also find it helpful to refer back to the relevant sections of the 
MST124 units, provided on the module website. The start of each section 
and subsection of this unit contain references to these. 


Even if you complete the quiz questions successfully on your first attempt, 
you are advised to read through the section quickly as revision and then 
try some of the later parts of the activities in each subsection, if you have 
time, as a further check that you understand the material. 


Some activities ask you to use standard mathematical techniques to solve 
problems, while others challenge your understanding by asking you to link 
different mathematical ideas together or to explore an idea in greater 
depth. Whatever the type of activity, you should write out your own 
solution and then compare it carefully with the solution given in this unit, 
paying particular attention both to the accuracy of your solution and the 
way it is presented. Check that your solution contains a similar level of 
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In this unit, you will review 
how to use some important 
mathematical tools. 
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detail to the one provided. For further practice, try the questions in the 
online practice quiz for this unit (on the module website). 


This unit does not revise all the topics in MST124. You may find it 
helpful to have your Handbook available, so that you can check definitions 
and the mathematical summaries easily. (The Handbook for MST125 
contains summaries of all the MST124 units as well as the MST125 units.) 


If a lot of the topics in this unit are new to you or if you find them 
difficult, then contact either your tutor or your Student Support 
Team for advice as soon as possible. 


1 Functions 


This section summarises some of the key ideas about functions that are 
explained more fully in MST124 Unit 3. It assumes that you are familiar 
with the basic properties and graphs of linear, quadratic, logarithmic and 
exponential functions. If you are not confident with these topics, then you 
should work through Subsection 1.6 and Section 4 of MST124 Unit 3 
before studying this section. 


Now try the following quiz to determine which topics in this section you 
need to revise thoroughly. If you are unable to complete any part of this 
quiz correctly, then you should study the corresponding subsection in 
depth and complete the associated activities. References to the subsections 
are given in the solutions. 


Activity 1 Functions quiz 


(a) Explain how the graph of the function 
f(z) =—2(z +1) +8 
can be obtained by translating and scaling the graph of g(a) = 2”. 
Sketch the graph of f. 


Label the vertex and the coordinates of the points where the graph 
crosses the axes. 


(b) Hence find the image set of the function 

h(x) =—2(x +1) +8 (22 97< 1), 
(c) Does the function h have an inverse function? Justify your answer. 
(d) Find the rule of the inverse function of the function 

k(x) = 3x — 2. 


Sketch the graphs of the functions k and k~! together, using the same 
scale on both axes. 


1 Functions 


(e) Find the rules of the following composite functions, where f and k are 
the functions defined in parts (a) and (d). 


(i) kok (ii) fok (iii) kof 


1.1 Functions and their graphs 


For more detail on the topics covered in this subsection, refer to 


Section 1 of MST124 Unit 3. 


Informally, you can think of a function as a process that converts each 
input value in a given set of values into an output value. For example, 
suppose the process ‘square the number’ is applied to all the real numbers 
between (and including) 0 and 2. Consider the input value 0.5. Its output 
value is (0.5)? = 0.25. If the process is applied to all the input values, then 
the output values are the real numbers that lie between (and including) 

0 and 4. 


More formally, a function consists of: 
e aset of allowed input values, called the domain of the function 


e aset of values in which every output value lies, called the 
codomain of the function 


e a process, called the rule of the function, for converting each 
input value into exactly one output value. 


Suppose the squaring function described above is denoted by f. Then its 
rule and domain can be written as If you use the right 

2 ingredients and follow the 

f@)=a2" (<4 2). recipe, you'll get the right 


. f a result — just like with a 
For each input value, there is exactly one output value, which is called the function! 


image of the input value. The set of output values of a function is called 
the image set of the function. For example, the image set of f is the set 
of all real numbers that lie between (and including) 0 and 4. 


Figure 1 illustrates the domain, codomain and rule of a function, a typical 
input value x, its image f(x), and the image set. 
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codomain 


Figure 1 A function and its image set 


In this unit, you will be working only with functions whose domains and 
codomains are sets of real numbers. However, there are other types of 
functions, such as functions for which the domain and/or the codomain is 
a set of another type of numbers (for example, complex numbers), or a set 
of points in the plane. You will meet some other types of functions later in 
your study of MST125. 


For some functions, the codomain and image set are identical. However, 
working out the image set of a function can sometimes be difficult and 
time-consuming. So when a function is specified, often the codomain is 
chosen to be a set that contains the image set and may contain other 
values as well. For example, in this module, for a function that has a 
domain consisting of real numbers, the codomain is assumed to be the set 
of all real numbers, R, unless specified otherwise. 


When you specify a function, it is important to consider the domain 
carefully and check that the rule can be applied to each input value. For 
example, consider the rule 


In this case, x = 0 should be excluded from the domain, as it is not 
possible to work out 1/x when x = 0. The function with this rule and the 
largest possible domain of real numbers is 


a= wi. 


Sometimes a function is specified by just a rule. In this case, it is 
understood that the domain of the function is the largest possible set of 
values for which the rule is applicable. 


Note that the rule must define exactly one output value for each allowed 
input value. So, for example, 


g(z)=+yr (z>0) 


does not define a function, since +\/x specifies two output values, yx and 
—,/zx, for each allowed input value x. (Remember that the symbol yx 
always means the non-negative square root of x.) 


Activity 2 Rules that do not specify functions 


Explain why each of the following rules cannot be used to specify a 
function with domain and codomain R. 


(a) fe)=5~ 5 O) m(t)=t+3 (0) 5) = yP- p E 


An interval is a set of real numbers that corresponds to a part of the 
number line that you can draw ‘without lifting your pen from the paper’. 
A number that lies at the end of an interval is called an endpoint. 


Often the domain of a function is the set of real numbers, R, or part of this 
set, such as an interval. If the interval includes all of its endpoints, then 
the interval is said to be closed; if none of its endpoints are included, then 
the interval is said to be open. If one endpoint is included and the other is 
not, the interval is said to be half-open or half-closed. Intervals can be 
specified by using inequality signs, such as —8 < x < 2, or by using interval 
notation such as [—8,2). A square bracket indicates that an endpoint is 
included in the interval and a round bracket indicates that it is not. 

An interval that extends indefinitely is denoted by using the symbol co 
(which is read as ‘infinity’), or its ‘negative’, —oo (which is read as ‘minus 
infinity’), in place of an endpoint. The set of real numbers R is an interval 
with no endpoints, so it is said to be both open and closed! 


Intervals can be illustrated on the number line as shown in the box below. 
A solid dot indicates that the value is included in the interval and a hollow 
dot indicates that it is not. 


Interval notation 


Open intervals 


(a,b) (a, 00) (=69,0) (—o0, co) 
ee Se eS eee 
a boa b 

GERE I >a TED R 


Closed intervals 


[a,b] [a, 00) (—oo, b] (=c3,63) {a} 
O E e U — eg = 
a G a b 

ax<2<b ae 2 a we <0 R =o 


Half-open (or half-closed) intervals 


[a, b) (a, b] 
—<$<—>> Omt 
a boa b 

OS <l GELD 
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A set may consist of two or more intervals. In such cases, the set notation 
for the union of two sets (namely U) can be used. For example, the largest 
possible domain of real numbers of the function with rule 


consists of the two intervals (—oo,0) and (0,00), so this domain can be 
written as 


(—o0, 0) U (0, o0). 
You may also see domains and codomains specified using the ‘is in’ 
symbol, €. For example, 


x € [2,3] means 2<2<3. 


A function f with rule f(x) = z? and domain [0,2] can be written as 


f(z) =a" (x € (0,2). 


Activity 3 /dentifying domains of functions 


Describe the largest possible domain of real numbers for each of the 
following rules, and specify the domain using set notation. 


(a) gt) = VETE (b) ha) = SEE 


U 


One way of visualising a function is to sketch its graph. The graph of a 
function f is the set of points (x,y), where x is a value in the domain and 
y is the corresponding image, f(x). 


To sketch the graph of a function whose domain is not the largest set of 
numbers for which the function’s rule is applicable, first sketch the graph 
on the largest possible set and then erase the parts of the graph for values 
of x outside the domain. With practice, you should be able to sketch the 
graph of the function directly, without having to sketch a larger graph first. 


For example, if the function is 
fiej=2+2 OCs 27 <3), 


then the rule is applicable for all real numbers, but the domain of f is the 
interval [1,3). So the graph of f is the portion of the line y = x + 2 for 
values of x from 1, up to but not including 3, as shown in Figure 2. 


Note that the point (1,3) is included in the graph, so it is marked with a 
solid dot, whereas the point (3,5) is excluded from the graph, so it is 
marked with a hollow dot. 


Figure 2 The graph of f(z) =x+2 (l<a<3) 

Drawing the graph of a function can often help you determine the image 

set of that function. To find the image set of a function using its graph, 

you can follow these steps: 

1. Mark the domain on the z-axis. 

2. Draw the graph for the values of x in the domain. 

3. Mark the set of y-coordinates of the graph on the y-axis. This is the 
image set. 

This process is illustrated in Figure 3. Note that the images of the 


endpoints of the domain are not necessarily the endpoints of the image set. 


Yr y 


domain image set 


(a) (b) 


Figure 3 (a) The domain of a function marked on the horizontal axis 
(b) the image set marked on the vertical axis 


Figure 4 shows the graph of the function 
f(z) =2z?—4r+5 (0<2 <3), 


with its image set marked on the y-axis. 
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The smallest value in the image set is the y-coordinate of the vertex, and 
the largest value in the image set is f(3). Hence the image set of f is the 
interval [3,11]. This is not the same as the interval between the images of 
the endpoints of the domain, which is (5, 11]. 


y 
itil (3 un) 
(= In —Ag-r oS 
(0, 5) 
3 


Figure 4 The graph of f(x) = 2z? — 4z +5 (0<2<3) 


Activity 4 Finding image sets of functions 


(a) Sketch the graph of the function 
f(z) =32-4 (-05<a2< 2) 
and hence find its image set. 


(b) The graphs of two functions are shown below. In each case, use the 
graph to find the image set of the function. 


(i) f(z) =-2?-224+3 (-2<2<1) 
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1.2 Translating and scaling graphs of functions 


For more detail on the topics covered in this subsection, refer to 


Section 2 of MST124 Unit 3. 


By translating and scaling the graphs of some standard functions (such as 
y=mr+c, y=2?, y= |z|, y =lnz and y = a), you can sketch the 
graphs of many more functions. 


Informally, if a graph is translated, it is shifted to a new position without 
rotating, reflecting or distorting it in any way. The box below explains how 
to obtain the graphs of new functions by translating the graphs of 
standard functions. 


Translations of graphs 


Suppose that f is a function and c is a constant. To obtain the graph 
of: 
e y= f(x)+c, translate the graph of y = f(x) up by c units 

(the translation is down if c is negative) 


e y= f(x- c), translate the graph of y = f(x) to the right by 
c units (the translation is to the left if c is negative). 


These effects are illustrated in Figure 5. 


1 Functions 
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YA y= fini, c > 0 


y=f(x-c), c<0 y = f(z) y=f(z-c), c>0 


Xy 


m= ere Ee 


Figure 5 Pieces of graphs of equations of the form y = f(x) + c and 
y = f(z- c) 


For example, to obtain the graph of: 


y = x? +3, translate the graph of y = x? by 3 units upwards 
y = |x| — 4, translate the graph of y = |x| by 4 units downwards 
y = (x — 2)3, translate the graph of y = x? by 2 units to the right 


y = (x + 4), translate the graph of y = x? by 4 units to the left. (The 
equation can be written as y = (a — (—4))?.) 


Activity 5 Translating graphs 


In this activity you will apply translations to the graph of f(x) = 1/z, 
shown below. 


(a) For each of the following functions, describe how you could obtain its 
graph by applying translations to the graph of f(x) = 1/z, and then 
sketch the graph. Your sketch should show the axes, and the shape and 
position of the graph, but you need not work out the x- or y-intercepts. 


() o(a)==+2 (i) ae) = 


C+2 
(b) Show that 


32 —5 O 1 43 
g—-2 2-2 f 
; 32 —5 
Hence sketch the graph of the function q(x) = z“ 
T = 


Another way to obtain the graphs of new functions is by scaling the graphs 
of standard functions. 


Consider the graph of the equation y = cf (x), where f is a function of x 
and c is a constant. In this case, the y-coordinate of each point on the 
graph of y = f(x) is multiplied by the factor c. For example, if c = 2, then 
each y-coordinate is doubled. This has the effect of scaling the graph by 
the factor 2 in the y-direction. 


In general, the graph of y = cf (x) can be obtained by scaling the graph of 
y = f(x) by the factor c in the y-direction. Note that if c is negative, then 
the new graph is obtained by first scaling by the factor |c| and then 
reflecting the scaled graph in the z-axis. 


Vertical scalings of graphs 
Suppose that c is a constant. To obtain the graph of y = cf (x), scale 
the graph of y = f(x) vertically by a factor of c. 
These effects are illustrated in Figure 6. 
YA 


y=cf(a),e>1 


y = f(z) 

v= cra), vex 1 
eee -l<c<0 
y= jf) 


y =cf(z), Ca 1 


Figure 6 Pieces of graphs of equations of the form y = cf (x) 
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Graphs can also be scaled horizontally. 


Horizontal scalings of graphs 


Suppose that c is a non-zero constant. To obtain the graph of 
y= (=), scale the graph of y = f(x) horizontally by a factor of c. 
E 


These effects are illustrated in Figure 7. 


Figure 7 Pieces of graphs of equations of the form y = f (=) 
c 


Note in particular the effect on the graph if the scaling factor c is —1. In 
this case, the graph of the new equation, y = f(—), is obtained by 
reflecting the graph of y = f(x) in the y-axis. 


In general, if the scaling factor c is negative, then you can obtain the graph 
of the new equation, y = f(x/c), by first scaling the original graph by the 
factor |c| in the z-direction and then reflecting the graph in the y-axis. For 
example, if the graph of y = sin z is scaled by a factor of —0.5 in the 
x-direction, then the graph will be scaled by a factor of 0.5 in the 
x-direction and then reflected in the y-axis, as shown in Figure 8. The 
equation of the scaled graph is 


y = sin(—2z/0.5) = sin(—2z), or y = —sin(2z), 


since for any 0, sin(—@) = — sin 0. 


Figure 8 The graph of y = sin z after it has been scaled by a factor of 0.5 
in the x-direction and then reflected in the y-axis 
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Activity 6 Scaling graphs horizontally and vertically 


(a) Explain how to obtain the graph of each of the following functions by 
scaling the graph of f(a) = e”. 
(i) g(x) = —3e” (ii) A(x) = e?” (iii) k(x) =e"? 

(b) For each of the following functions, write down the equation of the 


graph obtained by applying the given scaling factor to the graph of the 
function. 


(i) f(x)= 
(ii) g(x) = Inq, scaling factor 2 pines 
(iii) A(x) = 
( 


iv) k(x) = e”, scaling factor 2 5 in the y-direction, followed by a 
reflection in the x-axis. 


2 scaling factor t vertically. 


= cos x, scaling factor —5 in the z-direction. 


Sometimes you can obtain the graph of a function by applying more than 
one translation or scaling to the graph of a standard function. 


For example: 


e The graph of y = 5x? — 3 can be obtained by first scaling the graph of 
y = x? by the factor 5 in the y-direction to get the graph of y = 527, 
then translating this graph by 3 units downwards. 


e The graph of y = 5(x — 3)? can be obtained by first translating the 
graph of y = z? by 3 units to the right to get the graph of 
y = (x — 3)’, then scaling this graph by the factor 5 in the y-direction. 
e The graph of y = 5(x? — 3) can be obtained by first translating the 
graph of y = x? by 3 units downwards to get the graph of y = x? — 3, 
then scaling this graph by the factor 5 in the y-direction. 


These three graphs are shown in Figure 9. 


Yr YA y 


(0, —15) 
(a) (b) (c) 


Figure 9 The graphs of (a) y = 5z? — 3 (b) y = 5(x — 3)? and 
(c) y = 5(2” — 3) 
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Note that graph (a), in which the scaling was applied first, followed by the 
translation, is different from graph (c), in which the translation was 
applied first, followed by the scaling. 


Activity 7 Translating and scaling graphs 


For each of the following equations, describe how you could obtain its 
graph by applying scalings and translations to the graph of y = x?, which 
is shown below. Then sketch the graph, showing the y-intercept and the 
coordinates of the new position of the point P. (For this activity, you need 
not show the x-intercept.) 


Ry 


1.3 Composite functions 


For more detail on the topics covered in this subsection, refer to 


Subsection 3.2 of MST124 Unit 3. 


Suppose that f and g are functions. The composite function g o f is the 
function whose rule is 


(9° f)(x) = g(f(2)), 
and whose domain consists of all the values æ in the domain of f such that 
f(x) is in the domain of g. The symbol o is read as ‘circle’ or ‘composed 
with’. 
For example, suppose that 


f(z)=5r? and g(x)=2-3. 


The function f squares the input value and then multiplies the square 
by 5, and the function g takes the input value 5x? and subtracts 3, as 
illustrated in Figure 10. 


z 5x? 5r? —3 
Ea 


Figure 10 The composite function (g o f)(x) = 5x? — 3 


That is, the rule of the composite function g o f is 


(go f)(x) = 9(f(x)) = g(5a*) = 52” — 3. 
Note that the domain of each of the functions f and g is R, and the image 


set of f is the interval [0,00), which is a subset of the domain of g. Hence 
the domain of the composite function go f is R. 


The composite function f o g can also be formed. The rule of this 
composite function is 


(fog)(x) = f(g(x)) = f(w— 3) = 5(x — 3). 
The image set of g is R, which is the same as the domain of f, so the 


domain of f og is also R. 


Note that the rules for the two composite functions go f and f o g are 
different. This is expressed by saying that composition of functions is not 
commutative. 


So the order in which a composite function is written down is important. 
Two or more functions making up a composite function are applied in 
order, from the function written on the right to the function written on the 
left. For example, for the functions f, g and h, the composite of f followed 
by g followed by h is written 


hogof. 


Activity 8 Composing functions 


Suppose that 
f(x) =22—1 and g(x) =4-2°. 
Find the rule of each of the following composite functions. 


(a) fog (b) gof (ce) gofof 
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fos 


Figure 11 A mapping 
diagram illustrating a 
function f and its inverse 
function f~t 
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1.4 Inverse functions 


For more detail on the topics covered in this subsection, refer to 


Subsection 3.3 of MST124 Unit 3. 


Essentially, the inverse function of a function f is the function that 
‘undoes’ the effect of f. It is denoted by f~!. If inputting a number z to f 
gives the number y, then inputting the number y to f~! gives the original 
number 2, as illustrated in Figure 11. For example, if f is the function 
f(x) = x +4, then inputting 3 to f gives 7, and inputting 7 to f~! gives 3. 
Since the function f adds 4 to each value, the inverse function, f~t, which 
undoes this action, subtracts 4 from each value, that is f~!(x) = x — 4. 


Some functions do not have inverses. For example, the squaring function 
f(x) = 2? gives f(2) = 4 and f(—2) = 4, so both 2 and —2 have the same 
output 4. If you try to undo f, then for the input value, 4, there are two 
possible output values, 2 and —2, not one value, as is required for a 
function. So, in this case the inverse function of f does not exist. If you 
can find two or more input numbers that give the same output value, then 
the function does not have an inverse. 


This is expressed by saying that only functions that are one-to-one have 
inverse functions. Informally, a function is one-to-one if it sends different 
input values to different output values. 


Formally, a function f is said to be one-to-one if, for all numbers 
x, and zə in its domain such that xı Æ xo, then 


f (a1) # f (x2). 


A useful way to recognise whether a function is one-to-one (and hence has 
an inverse) is to look at its graph. If you can draw a horizontal line that 
crosses the graph more than once, then the function is not one-to-one. 


Figure 12(a) shows the graph of a function where any horizontal line you 
draw crosses the graph at most once. The function is therefore one-to-one 
and has an inverse. On the other hand, Figure 12(b) shows that the two 
input values marked as zı and x2 have the same output value, indicated by 
the value at which the dashed horizontal line intersects the y-axis. So this 
function is not one-to-one and hence does not have an inverse. 


(a) 


Figure 12 The graphs of (a) a one-to-one function, and (b) a function 
that is not one-to-one 


Here is another useful way to recognise a one-to-one function. If a function 
is either increasing on its whole domain or decreasing on its whole domain, 
then it is one-to-one and therefore has an inverse function. The box below 
reminds you what it means to say that a function is increasing or 
decreasing. 


Functions increasing or decreasing on an interval 


A function f is increasing on the interval / if for all values xı and 
x2 in I such that x1 < x2, 


Pen) < f): 
A function f is decreasing on the interval J if for all values zı and 
doy m JE NEn ne Ge < Seay. 


Pen) > f(x2). 
(The interval J must be part of the domain of f.) 


Since an inverse function undoes the original function: 

e The domain of an inverse function is the image set of the original 
function. 

e The image set of an inverse function is the domain of the original 
function. 


e The rule for an inverse function can be found by rearranging the rule 
for the original function. 
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Suppose (a,b) is a point on the graph of the original function f; that is, 

b is the output value that f gives for the input value a. Since the inverse 
function takes b as the input value and gives the output value a, the point 
(b,a) is a point on the graph of the inverse function. If the scales on the 
axes are equal, then the point (b,a) is the reflection of the point (a,b) in 
the line y = a, as illustrated in Figure 13. 


Yr (b,a) 
e /Yy=E 
\ 
7s 
© (a,b) 
7 
Pa 
FA T 
7 
7 
7 
Us 
2 
7 
A 
7 


Figure 13 Reflection of (a,b) in the line y = z, on a graph with equal 
scales on the axes 


So, to obtain the graph of the inverse function, draw the graph of the 
original function on axes with equal scales, then reflect this graph in the 
line y = x. The reflected graph is the graph of the inverse function, as 
illustrated in Figure 14. 


Figure 14 The graph of a function f(x) and its inverse f~!(x), with 
equal scales on the axes 


The next example illustrates how to find an inverse function and sketch its 
graph. 
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Example 1 Finding an inverse function 
Does the function 
F@)=5+1 (ze [-1,4) 
have an inverse function? If so, find it and sketch the graphs of f and 
its inverse using axes with equal scales. 
Solution 


@. Sketch the graph of f. (For a more complicated function, it might 
be easier to obtain a computer plot.) & 


The graph of f is shown below. 


YA 


Sv 


@. Think about whether every horizontal line that crosses the graph 
of f does so exactly once. ® 


The graph shows that f is one-to-one and therefore has an inverse 
function. 


@. Rearrange the equation f(x) = y to get x in terms of y, and hence 
write down f~! (y) = z. @ 


The equation f(x) = y can be rearranged as follows. 


g 
Lii j= 

nu 
@ 2 = ZY 
ge = 2yy = 2 
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@. Any variable can be used in the rule, but usually the variable 
chosen is z. & 


Changing the variable to x, we can rewrite the rule for the inverse 
function as 


je) =22 2 
@. To find the domain of f~t, find the image set of f, using the 
graph to help you. ® 
The graph shows that the image set of f is [5. al 
Hence the domain of f~! is also [5,3]. 
@. Specify f—! by stating its domain and rule. @ 
So the inverse function of f is the function 
f\(a) =22-2 (we (3,3). 
@. The graph of the inverse function is obtained by drawing the 


graph of the original function on axes with equal scales, and then 
reflecting it in the line y = z. @ 


The graphs of f and f~! are shown below. 


When you are working with the notation f~', where f is a function, it is 
important to appreciate that it does not mean the function g with rule 
1 


g(x) = (f(x))*, that is, o= 
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This function g is called the reciprocal of the function f, and it is never 
denoted by f~!. 


Activity 9 Finding inverse functions 


Determine whether each of the functions represented by the following 
graphs has an inverse function. If it does, then find the inverse function 
and sketch its graph and the graph of the original function using axes with 
equal scales. 


YA 
(3718) 
f(z) =4—- 32 
oe, 


(a) 


2 Trigonometry 


This section summarises some of the key ideas about trigonometric 
functions and identities that are explained more fully in Sections 2 and 4 
of MST124 Unit 4. 


This section, and other sections in this unit, assume that you are familiar 
with the following topics from Sections 1 and 3 of MST124 Unit 4: 
e using radians to specify the sizes of angles 


e using Pythagoras’ theorem and the trigonometric ratios for sine, 
cosine and tangent to find unknown side lengths and angles in 
right-angled triangles 


e using the sine and cosine rules to find unknown side lengths and 
angles in triangles that do not have a right angle. 


If you are not confident with these topics, then you should work through 
Sections 1 and 3 of MST124 Unit 4 before studying this section. 


Try the following quiz to determine which topics in this section you need 
to revise thoroughly. 


2 Trigonometry 
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Angles can be seen 
everywhere in an urban 
environment 
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Activity 10 Trigonometry quiz 


T 7 
(a) Find sin (2). cos (=) and tan (=) without using a calculator. 


(b) Use the ASTC diagram to find all solutions between 0° and 360° of the 


equation sin 0 = ee, Give exact answers. 
V2 
(c) Use the symmetry of the graph of the cosine function to find all 
solutions between —r and 7 of the equation cos 0 = 0.3. Give your 
answers to three significant figures. 


(d) Suppose that 6 is the acute angle with cos(26) = 3. Use a 
trigonometric identity to find the exact value of sin 0. You can refer to 
the Handbook to help you choose a suitable trigonometric identity. 


2.1 Trigonometric functions 


For more detail on the topics covered in this subsection, refer to 


Section 2 of MST124 Unit 4. 


In this subsection you'll revise how the sine, cosine and tangent of any 
angle are defined and then solve some trigonometric equations. 


First, consider any acute angle 0 and its associated point P on the unit 
circle, as illustrated in Figure 15(a). A line has been drawn from P to the 
x-axis, to complete a right-angled triangle. A close-up of this triangle is 
shown in Figure 15(b). 


(a) 


Figure 15 (a) The point P on the unit circle associated with an acute 
angle 0 (b) a close-up of the right-angled triangle 


2 Trigonometry 


Suppose that the coordinates of the point P are (x,y). Then you can see 
from Figure 15 that 


sing= Eat =y 
hyp 1 
adj x 

cos9 = —~ =-—=2 
hyp 1 

tan = EE E 
adj x 


These equations are used to define the sine, cosine and tangent of any 
angle 0, as follows. 


Sine, cosine and tangent 


Suppose that 0 is any angle and (x,y) are the coordinates of its 
associated point P on the unit circle. Then 
mO = h cos? = wx, 
and, provided that x Æ 0, 
ie @) = u 
yy 


(If x = 0, then tan @ is undefined.) 


Using these facts, it is straightforward to write down the sine, cosine and 
tangent of any angle 0 whose associated point P lies on one of the 
coordinate axes; that is, any angle that is an integer multiple of 7/2. (Note 
that if P lies on the y-axis, then tan @ is not defined.) 

A convenient method of working out the sine, cosine or tangent of any 
other angle is the following useful fact, combined with the ASTC diagram. 


Suppose that 0 is an angle whose associated point P does not lie on 


either the x-axis or the y-axis, and ¢ is the acute angle between OP 
and the x-axis. Then 


sind = +sing 
cos? = tcos@ 
tan @ = +tan @. 


The ASTC diagram tells you which sign to apply in each case. 


(The values of sin ¢, cos ¢ and tan ¢ are all positive, because ¢ is 
acute.) 


The ASTC diagram is shown in Figure 16. 


27 


Unit 1 Key techniques 


Second + First 
quadrant quadrant 
S A 
T C 
Third Fourth 
quadrant quadrant 
Figure 16 The ASTC 
diagram 
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The letter in each quadrant of the ASTC diagram indicates which of sin 0, 
cos @ and tan @ are positive when the point P associated with the angle 0 
lies in that quadrant: 


e A stands for all 


e S stands for sin 


e T stands for tan 


e C stands for cos. 


You will see later in this section that the ASTC diagram can also be useful 


in solving trigonometric equations. 


Although you can use your calculator to work out a trigonometric value, 
the angles in Table 1 are used so frequently that it is worth memorising 
their values, or learning how to work them out quickly by sketching the 
relevant right-angled triangles. 


Table 1 Sine, cosine and tangent of special angles 


in radians 


0 


AIA Oa 


NIJ wl 


in degrees 
0° 
30° 
45° 
60° 


90° 


sin 0 cos 0 tan 0 

0 1 0 
1 V3 1 
2 2 V3 
1 1 i 

a | z 

V3 1 

zr | a 
1 0 undefined 


The next example illustrates how to calculate the trigonometric values for 
an angle in the third quadrant that is related to one of the acute angles in 
Table 1, which will be referred to as the special angles table. 


Xy 


From the diagram, the acute angle that OP makes with the x-axis 
is 7/3. 


@. Work out the signs of the trigonometric values of the angle from 
the ASTC diagram. ® 


The angle 47/3 lies in the third quadrant, so the sine and cosine of 
this angle are negative and the tangent is positive. 


Using the special angles table then gives 


sin (=) = sin (4) = A 


Activity 11 Finding trigonometric values without using a calculator 


Find the following trigonometric values without using your calculator. 
Give exact answers. 


(a) cos(-3n) (b) tan (F) (oein (-F) 
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The graphs of the sine, cosine and tangent functions can be generated by 
considering the coordinates of the point P as it moves around the unit 
circle. The graph of the sine function is shown in Figure 17. 


T 
2 


This part of the 
graph is repeated. 


Figure 17 The graph of the sine function 


The part of the graph between 0 = 0 and 6 = 27 is repeated after every 
interval of 27 radians, and we say that the period of the graph is 
27 radians. 


From the symmetry of the graph, the following hold for any value of 0. 


sin(?+ 2n7) = sin, where n is an integer 
sin(—@) = — sin 0 


The graph of the cosine function is shown in Figure 18. 


This part of the 
graph is repeated. 


Figure 18 The graph of the cosine function 


The period of the graph of the cosine function is 27 radians and, from the 
symmetry of the graph, the following hold for any value of 0. 


cos(@ + 2nm) = cos, where n is an integer 


cos(—0) = cos 0 


The cosine graph can be obtained by translating the sine graph to the left 
by 7/2. Hence the following also holds for any value of 6. 
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cos 0 = sin (0+ =) 


The graph of the tangent function is shown in Figure 19. 


itan 0a 
14 
T T T T T T 
om foe o í n T 37 Teo Th m IT 0 
D 2 a) 2 2 2 2 
| | | 
| | | 
| | | 
| | | 
| | | 
| | | 


—, 
This part of the 
graph is repeated. 


Figure 19 The graph of the tangent function 


The vertical dashed lines drawn on the graph are asymptotes. (An 
asymptote is a straight line that a curve approaches arbitrarily closely as 
you trace your pen tip further and further along it away from the origin.) 


T 
The asymptotes occur when cos @ = 0, that is, when 0 = — + nz, for some 
integer n. The tangent function is not defined for these values of 0. 


The graph repeats after an interval of m radians. In other words, it is 
periodic with a period of 7 radians. 


From the symmetry of the graph, the following hold for all values of 6 
where tan @ is defined. 


tan(ð + nm) = tan, where n is an integer 


tan(—0) = — tan ð 


The above graphs show that the sine, cosine and tangent functions are not 
one-to-one functions and so do not have inverses. 


However, we can specify new functions with the same rules as these 
functions, but with smaller domains, to ensure that the new functions are 
one-to-one and have the same image sets as the original functions. These 
new functions then have inverses, as defined in the box below. 


2 Trigonometry 
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Inverse trigonometric functions 


The inverse sine function sin~! is the function with domain [—1, 1] 
and rule 


sint g = y, 
: : : m T : 
where y is the number in the interval |-5. z] such that siny = zx. 
The inverse cosine function cos~! is the function with domain 
{[—1, 1] and rule 
cos! a = Y, 


where y is the number in the interval [0,7] such that cosy = zx. 


The inverse tangent function tan! is the function with domain R 
and rule 
tanta = Y, 


where y is the number in the interval (-5, Z) such that tany = m 


Equations that include trigonometric functions are known as 
trigonometric equations. The inverse trigonometric functions can be 
used with the ASTC diagram to solve these trigonometric equations. 


32 


Xy 
© 
© 
D> 
Sv 


IP 


@. Use the given equation to write down the value of cos ¢. Then use 
the special angles table to find ¢. © 


Here 
cos 0 = —3, 
so 
cos @ = 5; 
and hence 
= cos (5) = = 


@. Now use your sketches to find the possible values of 0. ® 


The solutions are 
TE 27 
0 = — = = =| > =—— 
T-Q@=T7 3 3 
and 


In the previous example, it was easiest to use the special angles table to 
work out the value of the inverse cosine function because an exact value 
was required. However, you can also use the inverse trigonometric function 
keys on your calculator, especially where a decimal approximation to the 
angle is sufficient. If you do use your calculator, remember to check that 
the mode of the calculator is set to degrees or radians as appropriate 
before you start. 


2 Trigonometry 
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Activity 12 Solving trigonometric equations using the ASTC 
diagram and inverse trigonometric functions 


alm 


(a) Find all solutions between 0 and 27 of the equation tan@ = — 


Give exact answers. 


(b) Find all solutions between —180° and 180° of the equation sin 0 = —0.8. 
Give your answers to the nearest degree. 


The next example shows how you can use a graph to solve a trigonometric 
equation. 


Example 4 Solving trigonometric equations using a graph 


“IS 


Find all solutions between 0 and 27 of the equation cos 0 = — 
Give exact answers. 

Solution 

@. Sketch the graph of the cosine function in the interval 0 to 27r. 


3 
Sketch the horizontal line at height ane and mark the crossing 


points. The 6-coordinates of these points are the required solutions of 


cos 6 = ae A 


cos 0* 
1 
o T 37 27 6 
2 2 
v3 
2 


@. Find one solution using the inverse cosine function. © 


One solution (the solution in the interval [0,7]) is 


6= cos! (-5) = om) 
6 
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@. Use the symmetry of the graph to find the other solution. © 


5 
Both distances are sally 


From the graph, the other solution is 


yy (ae 
=e a= SS = —, 
SE 
So the solutions are = and a. 


Activity 13 Solving trigonometric equations using a graph 


(a) Use a graph to find all solutions between —180° and 180° of the 
equation sin 0 = 0.2. Give your answers to the nearest degree. 


(b) Use a graph to find all solutions between —7z and r of the equation 
tan = —3. Give your answers to three significant figures. 


2.2 Trigonometric identities 


For more detail on the topics covered in this subsection, refer to 


Section 4 of MST124 Unit 4. 


A trigonometric identity is an equation that involves one or more 
trigonometric expressions and which is satisfied by all values of the 
variables for which the expressions are defined. 


2 Trigonometry 


35 


Unit 1 Key techniques 


For example, 


sin 0 


tan 0 = 
cos @ 


is a trigonometric identity that is true for any angle 0, provided that 
cos 6 Æ 0. 


Trigonometric identities can involve the sine, cosine and tangent functions 
and their reciprocal functions, namely the cosecant, secant and cotangent. 
These functions are defined in the box below. Note that the names of these 
functions are often abbreviated to cosec, sec and cot respectively 
(pronounced ‘co-seck’, ‘seck’ and ‘cot’). 


Cosecant, secant and cotangent 


il 
cosec 0 = —— (provided sin 6 # 0) 


sin 0 
I é 
sec ô = eT (provided cos 0 # 0) 
Cond = ete g (provided sin 0 Æ 0) 
sin 0 


Since you have already seen that 


sin 0 
tan@ = 
cos @ 


(provided cos @ Æ 0), 
it follows from the third equation in the box above that 


1 
cot = —— (provided sin 0 4 0 and cos@ Æ 0). 
tan 0 


Activity 14 Finding values of cosecant, secant and cotangent 


(a) Using the special angles table, calculate the values of 
cosec 6, sec@ and cot @ for 0 equal to 7/3. Give exact answers. 


(b) For which values of @ is the function g(@) = cosec(20) not defined? 


There is a list of useful trigonometric identities in the Quick reference 
material in the Handbook. 


The following two trigonometric identities (the first was already stated 
above) are used so frequently that they are worth memorising: 


sin 6 


tan = , sin?@+cos?6 = 1. 
cos 0 


Sometimes, instead of looking up a trigonometric identity, it is just as 
quick to derive it from an identity that you know, as illustrated in the next 
activity. 
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Activity 15 Deriving trigonometric identities 
(a) By starting with the identity sin? 0 + cos? 0 = 1 and dividing through 
by cos? 0, derive the identity 
tan? 6 + 1 = sec? 6. 
(b) Use a similar method to derive the identity 


1+ cot? 6 = cosec? 6. 


Activity 16 Using identities to calculate trigonometric values 


Suppose that @ is an acute angle and that cos ¢ = 5. Use a trigonometric 
identity from the Quick reference material in the Handbook to find the 
exact value for cos(2¢). 


3 Vectors 


This section summarises the key ideas about vectors that are explained 
more fully in MST124 Unit 5. It assumes that you are familiar with using 
the sine and cosine rules to determine unknown side lengths and angles in 
triangles. These rules are summarised in the box below. If you are not 
confident with this topic, then you should work through Section 3 of 
MST124 Unit 4 before studying this section. 


The sine and cosine rules 


The rules below apply for a triangle with angles A, B and C and sides 
a, b and c (see Figure 20). 


Sine rule 
a b Eee 
sinA sinB sinC 


Cosine rule 
a? =b? e becos A 
b? = c? + a? — 2ca cos B 
c? = a? +b? — 2ab cos C 


Try the following quiz to determine which topics in this section you need 
to revise thoroughly. 


3 Vectors 


A C B 


Figure 20 A triangle with 
angles A, B and C and sides 
a, b and c 
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Velocity has both magnitude 
and direction 
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Activity 17 Vectors quiz 


In this activity, i, j and k are unit vectors in the direction of the positive 
x-, y- and z-axes respectively. 


(a) A hiker walks 4km on a bearing of 210°, then 7km on a bearing of 
290°. What is the distance and bearing of the hiker’s final position 
from her starting point? Give the distance to two significant figures 
and the bearing to the nearest degree. 


(b) Express each of the following vectors in component form and hence 
find their magnitude and direction. 


(i) a+2b—0.5c, where a =i- j, b = —2i +j and c = 6i — 4j. 


Give the magnitude to two significant figures, and the direction 
as a bearing to the nearest degree. 


»2()-Q(3) 


Give the magnitude to two significant figures, and the direction 
as the angle this vector makes with the positive x-axis, to the 
nearest degree. 


(c) A vector p has magnitude 5 and makes an angle of —130° with the 
positive x-axis. Express p in component form, giving each component 
to three significant figures. 


(d) Find, to the nearest degree, the angle between the vectors 


p = 2i — 3j +k and q = 3i — 2j. 


3.1 Vectors and scalars 


For more detail on the topics covered in this subsection, refer to 


Section 5 of MST124 Unit 5. 


In general, displacement is the position of one point relative to another, 
whether in one, two or three dimensions. To specify the displacement of an 
object, you must give both its distance away from the reference point and 
the direction from the reference point to the object. 


Just as distance together with direction is called displacement, so speed 
together with direction is called velocity. To specify the velocity of an 
object, you need to give both its speed and its direction of travel, for 
example, 20ms~! in a north-east direction. 


3 Vectors 


Quantities such as displacement and velocity that have both a size and a 
direction are called vectors. Vectors are often denoted by lower-case 
letters. To distinguish vectors from other quantities, the letters are written 
in bold typeface in printed materials, for example, v, and they are 
underlined when handwritten, for example, v. 


The size of a vector is usually called its magnitude. The magnitude of an 
object’s velocity is its speed, for example, 20ms~!. The magnitude of a 
vector v is denoted by |v|. So, if v represents the object’s velocity, then 
|v| = 20 ms™t. 


we eee A AA 
m o A 


Quantities which only have a magnitude and do not have a direction are 
known as scalars. For example, speed is a scalar quantity; it is the 
magnitude of velocity. 


In practical problems, the direction of a vector may be given as a bearing. 


A bearing is an angle between 0° and 360°, measured clockwise from 


north to the direction of interest. Using a map and compass to 


take a bearing 


For example, if a town is south-west of a village, the bearing of the town 
from the village is 225°, as shown in Figure 21. The bearing of the village 
from the town is 45°. 


z 


Village 


Town 


Figure 21 The bearings of the town and the village from each other 


A vector can be represented by an arrow. The length of the arrow 
represents the magnitude of the vector and the direction of the arrow 
represents the direction of the vector. For example, using a scale in which 
1cm represents 10ms~', the velocity v of a car that is travelling at 
20ms™! in a north-east direction, can be represented by an arrow that is 
2cm long and that makes an angle of 45° with a line indicating the north 
direction, as shown in Figure 22(a). Note that any arrow of length 2cm 
and pointing in a north-east direction can be used to represent v. 


A displacement vector from the point P to the point Q is usually (but not 
always) denoted by PO and is represented by an arrow which joins 
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P to Q, as shown in Figure 22(b). The magnitude of the displacement 
vector PO is usually written PQ, which is the usual notation for the 
distance between two points on a line. So |PQ| = PQ. 


; 


(a) ( 


Figure 22 Arrows that represent vectors 


Two vectors are equal if they have the same magnitude and the same 
direction. 


The zero vector, 0, has zero magnitude and no direction. A unit vector 
is a vector whose magnitude is 1. 


Two vectors can be added together, either by using the triangle rule or the 
parallelogram rule, whichever is more convenient. These rules are 
summarised in the boxes below. The sum of two vectors is also called their 
resultant. 


Triangle law for vector addition 


To find the sum of two vectors a 
and b, place the tail of b at the tip 
of a. Then a+ b is the vector from 
the tail of a to the tip of b. 


Parallelogram law for vector addition 


To find the sum of two vectors a 

and b, place their tails together, and 
complete the resulting figure to form a 
parallelogram. Then a + b is the 
vector formed by the diagonal of the 
parallelogram, starting from the point 
where the tails of a and b meet. a 


b 


or 
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You can add more than two vectors together. To add several vectors, you 
place them all tip to tail, one after another; their sum is then the vector 
from the tail of the first vector to the tip of the last vector. The order in 
which you add vectors does not matter — you always get the same resultant. 


The following example indicates how to find the resultant of two vectors in 
a practical setting. When a boat sails in a current its actual velocity is the 
resultant of the velocity it would have in still water and the velocity of the 
current. In particular, the direction in which the boat is pointing — this is 
called its heading, when it is given as a bearing — may be different from 
the direction in which it is actually moving, which is called its course. 


Example 5 Adding vectors 


A boat has a speed in still water of 5ms~! and is sailing on a heading 
of 25°. However, there is a current in the water of speed 3ms7! 
flowing on a bearing of 120°. Find the resultant velocity of the boat, 
in terms of its speed in ms ! (to one decimal place) and its course, 
given as a bearing (to the nearest degree). 


Solution 
@. Draw a diagram showing the vectors. ® 


Let b be the velocity of the boat in still water and c be the velocity of 
the current. The resultant velocity of the boat is b + c, as shown 
below. 


@. Mark known lengths and angles in the triangle. ® 
We know that |b| = 5 and |c] = 3. 


Since alternate angles are equal, the angle 0 marked at the tip of b 
is 25°, 


The angle ¢ marked at the tail of c is given by ¢ = 180° — 120° = 60°. 
So the top angle of the triangle is 0 + @ = 25° + 60° = 85°. 


3 Vectors 
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®. Use the cosine rule to find the magnitude of the resultant 
vector. ® 


Applying the cosine rule gives 
|b + c|? = |b|? + |c]? — 2|b||c| cos(8 + ¢), 
so 


|b + c| = V5? +32 — 2 x 5 x 3 x cos85° 


= DOA 006 


@. Use the sine rule to find the unknown angle a. © 


The angle a can be found by using the sine rule: 
[e| [b +c 


sina  sin(0 + ¢) 
lc|sin(O@+¢) _ 3sin85° 


sina = 


lb+cl 5.602...” 
Now, 
pe | ES) en 
Oo. 


SO a = BBY) aaa Or @ = MOP = BAA)... = MAO. 5 2 


But |c| < |b + c|, so we expect a < 0+ ¢; that is, a < 85°. So 
a = 32.239...° and hence the bearing of b + c is 


DD M 2 259.. = Oie2 a0. 2 


The resultant velocity of the boat is therefore 5.6ms~! (to 1 d.p.) on 
a bearing of 57° (to the nearest degree). 


Activity 18 Adding vectors 


The displacement from Milton Keynes to Nottingham is 109 km with a 
bearing of 342°, and the displacement from Nottingham to Birmingham is 
75km with a bearing of 222° Find the magnitude (to the nearest 
kilometre) and direction (as a bearing, to the nearest degree) of the 
displacement from Milton Keynes to Birmingham. 


The negative of a vector a is denoted by —a, and is defined as follows. 


Negative of a vector 


The negative of a vector a, denoted 
by —a, is the vector with the same A LA 
magnitude as a, but the opposite 

direction. 


For any points P and Q, PO = _QP, since PO and OP have the same 


magnitude but opposite directions. 


The idea of the negative of a vector is used to define vector subtraction, as 
in the box below. 


Vector subtraction 


To subtract b from a, add —b to a. 
That is, -b b 
a-b 
a—b=a+(-b). 


If you multiply a vector by a positive scalar, then the new vector has the 
same direction as the original vector, but its magnitude is multiplied by 
the scalar. For example, the vector 2a has a magnitude double that of a 
and the same direction. It is represented by an arrow parallel to and 
double the length of the arrow that represents a. 


Scalar multiple of a vector 


Suppose that a is a vector. Then, for any non-zero real number m, 
the scalar multiple ma of a is the vector 


e whose magnitude is |m| times the magnitude of a 

e that has the same direction as a if m is positive, and the opposite 
direction if m is negative. 

Also, 0a = 0. 

(That is, the number zero times the vector a is the zero vector.) 


3 Vectors 
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Activity 19 Adding and subtracting vectors 


The diagram below shows two vectors u and v drawn on a grid. 


Draw arrows representing the following vectors. You might find it useful to 
use squared paper. 


(a) Su (b) —2v (c) 4u — 2v 


The box below summarises the basic algebraic properties of vectors. Using 
these properties, you can perform some operations on vector expressions 
that are similar to the operations you can perform on real numbers. 


Properties of vector algebra 


The following properties hold for all vectors a, b and c, and all 
scalars m and n. 


1. 
De 
3. 
4. 
5. 
6. 
ii 
8. 


a+b=b+a 
(a+b)+c=a+(b+c) 
a+0=a 

at Sey =) 

m(a+b) =ma+mb 
(m+n)a=ma+na 
m(na) = (mn)a 


la =a 


Activity 20 Manipulating vector expressions and equations 


(a) Simplify the vector expression 2(a — b) — 4(c — b) + 3(a — 2b + 3c). 


(b) Rearrange each of the following vector equations to express x in terms 
of a, b and c. 


(i) 8a+2x=4a-—c (ii) 3x — 2(b — 2c) = 4(a+ b) + 3(b — 2x) 


3.2 Component form of a vector 


For more detail on the topics covered in this subsection, refer to 


Section 6 of MST124 Unit 5. 


In the previous subsection, you saw how to specify a vector in terms of its 
magnitude and direction. In this subsection, you’ll see how to specify a 

vector in terms of its components along mutually perpendicular coordinate 
axes. This representation is known as the component form of the vector. 


The first step in representing a two-dimensional vector in component form 
is to choose two perpendicular coordinate axes, and label them as the 

x- and y-axes. Next, define i and j as unit vectors in the directions of the 
positive x- and y-axes. Then any two-dimensional vector can be written as 
the sum of scalar multiples of i and j. For example, the two-dimensional 
vector v shown in Figure 23(a) can be written in component form as 
v=ai+ bj. 


3 Vectors 
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A three-dimensional vector can be represented in component form by 
adding a third axis, labelled as the z-axis, perpendicular to both the 

x- and the y-axes, and defining k as a unit vector in the direction of the 
positive z-axis. Then any three-dimensional vector can be written as the 
sum of scalar multiples of i, j and k. For example, the three-dimensional 
vector v shown in Figure 23(b) can be written in component form as 
v=ai+ bj4+ ck. 


The scalars a,b and c are either called the i-ccomponent, j-component and 
k-component of v, or the z-component, y-component and z-component 
of v, respectively. 


y 


ai 


(a) (b) 


Figure 23 Vectors expressed as sums of scalar multiples of Cartesian unit 
vectors 

It is particularly simple to express the position vector of a point in 
component form. If P is any point, either in the coordinate plane or in 
three-dimensional space, then the position vector of P is the displacement 
vector OP, where O is the origin. The components of a position vector are 
the same as the coordinates of the point. 


This is illustrated in Figure 24, in the case of two dimensions. Thus the 
position vector of P is OP = xi + yj. 


P(x,y) 


Xy 


O 


Figure 24 The position vector OP in two dimensions 
Similarly, if a point P in three-dimensional space has coordinates (x,y, z), 
then its position vector OP = xi + yj + zk. 


An alternative notation for expressing a vector in component form is to 
write it as a column vector. For example, the vector v = ai + bj + ck in 
Figure 23(b) can also be denoted by the column vector 


You can use whichever notation is most convenient. 


All the usual properties of vector algebra that you saw in the previous 
subsection apply to vectors in component form. In particular, they can be 
added, subtracted and multiplied by scalars. 
For example, if p = 2i — j + 3k and q = —3i+ 2j — k, then 
4p — 3q = 4(2i — j + 3k) — 3(—3i + 2j — k) 
= gi — 4j + 12k + 9i — 6j + 3k 
= 17i — 10j + 15k. 


Activity 21 Simplifying combinations of vectors in component form 


Find each of the following vectors in component form. 


(a) 2p — q — 3r, where p = 3i — 2j, q = 2i +j and r = —2i + 3j 


w (a) +e ( a) -2(5) 


(c) 0.5e + 1.5f, where e = 3i — 2j + k and f = 3i — 4j — 2k 


2 —a —1 
(d) a| -3] +4 a | —3a|{ 2], where a is any real number 
1 —2a —3 


If a vector is expressed in component form, you can find its magnitude 
from its components. For example, referring back to Figure 23, the 
magnitude of the two-dimensional vector v = ai + bj is given by 


v= Va F, 
and the magnitude of the three-dimensional vector v = ai + bj + ck is 
given by 


lv) = Va? +b? + c?. 


You can also calculate the direction of a two-dimensional vector from its 
components. The method is illustrated in the following example. 
Remember that the direction of a two-dimensional vector can be given 
either as a bearing, or as an angle measured in an anticlockwise direction 
from the positive x-direction to the direction of the vector (though 
sometimes it is helpful to use negative angles to denote angles measured 
clockwise from the positive x-direction). 


Techniques involving the directions of three-dimensional vectors are more 
complicated and are not covered here. 
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Example 7 Finding the magnitude and direction of a 
two-dimensional vector from its components 


Find the magnitude of the vector —8i + 15j, and the angle that it 
makes with the positive x-direction. Give the exact value of the 
magnitude, and the angle to the nearest degree. 


Solution 
@. Use the standard formula to find the magnitude. ©& 


The magnitude of the vector is 
V/ (—8)? + 152 = V64 + = V289 = 17. 


@. To find the required angle, first draw a diagram. © 


YA 


Sv 


@. Find the acute angle ¢, and hence find the required angle 0. ® 
From the diagram, 


SO 
15 
ġ = tan (=) = 61.92...°. 


Hence the angle that the vector makes with the positive x-direction, 
labelled @ in the diagram, is 


180" = 61.92..." = 118.07 ...° 
= 118° (to the nearest degree). 
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Activity 22 Finding the magnitudes and directions of vectors from 
their components 


(a) Find the magnitudes of the following vectors, and calculate the angle 
in degrees that each vector makes with the positive x-direction. Give 
answers to one decimal place. 


@ ij) (5) 


(b) Find the magnitudes of the following three-dimensional vectors. Give 
exact answers. 
—2 
(i) -i+2)-4k (iï) | -1 
V3 


If you know the magnitude and direction of a two-dimensional vector, you 
can convert it into component form. Figure 25 shows a vector v that 
makes an acute angle 0 with the positive x-direction. From the diagram, 
the component form is 


v = |v| cos ĝi + |v| sin dj. 


YA 


|v| sin 0j 


“as C] 
|v| cos Oi 


Xy 


Figure 25 A vector v and its components 


The same formula works for any angle 0 measured from the positive 
x-direction, as summarised in the box below and illustrated in the next 
example. 


Component form of a two-dimensional vector in terms of its 
magnitude and its angle with the positive x-direction 


If the two-dimensional vector v makes the angle 0 with the positive 
x-direction, then 


v = |v| cos ĝi + |v| sin 8j. 
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Here are some vectors for you to express in component form. Remember 
that if the direction of a vector is given as a bearing, then you need to start 
by finding the angle that the vector makes with the positive x-direction. 


Activity 23 Calculating the components of vectors from their 
magnitudes and directions 


Express the following vectors in component form, giving each component 
to two significant figures. 


(a) The vector r with magnitude 4.5 that makes an angle of 165° with the 
positive x-direction. 


(b) The velocity vector w with magnitude 5ms~! and bearing 190°. 


3.3 Scalar product 


For more detail on the topics covered in this subsection, refer to 


Section 7 of MST124 Unit 5. 


Two vectors can be multiplied together to form their scalar product 
(also known as their dot product), as described in the box below. 


Scalar product of two vectors 


The scalar product of the non-zero vectors 
a and b is 


a- b = |a| |b| cos 8, 


where @ is the angle between a and b. 0 b 


If a or b is the zero vector, then a- b = 0. 


The definition of scalar product applies to both two-dimensional and 
three-dimensional vectors. 


Note that this method of multiplying two vectors together results in a 
scalar quantity, not a vector quantity, which is why it is called the scalar 
product. 


Activity 24 Some properties of scalar products 
(a) Suppose that a and b are non-zero vectors. Show that the following 
statements are true. 
(i) Ifa and b are perpendicular, then a- b = 0, and vice-versa. 
(ii) a-b=b-a. 


(b) If i, j and k are unit vectors in the directions of the positive x-, y- and 
z-axes, then show that 


i:j=j-ek=k-i=0 and i-i=j-j=k-k=1. 


The definition of the scalar product can be used to show that 
a-(b+c)=a-b+a-c and (b+c)-a=b-a+c-a. 


This is expressed by saying that the operation of taking a scalar product is 
distributive over vector addition. 


This property of the scalar product can be used to show that, if two 
vectors are given in component form, then their scalar product can be 
calculated as in the box below. 


Scalar product of vectors in terms of components 


If a= aji + aaj + azk and b = bi + b9j + b3k, then 
a- b = abı + a2b2 + a3b3. 


In column notation, 


ay by 
ifa=|a2]} and b= | bə |, then a- b= aı1bı + a2b2 + a3b3. 
a3 b3 
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Note that this method of calculating the scalar product of two vectors in 
component form applies equally to two-dimensional and three-dimensional 
vectors. The next example illustrates the method for two-dimensional 
vectors, and shows how the scalar product can be used to calculate the 
angle between two vectors. 


Example 9 Finding the scalar product of two vectors in component 
form and calculating the angle between them 


(a) Find the scalar product of the two vectors a = 3i — 2j and 
b=i+4j. 


(b) Hence find the angle between the vectors a and b, to the nearest 
degree. 


Solution 
(a) The scalar product is 
a- b = (3i — 2j)- (i+ 4j) = 3 x 1 + (—2) x 4 = —5. 
(b) &. Use the definition of the scalar product in terms of the 
magnitudes of a and b and the angle between them. © 
The scalar product of a and b is defined as 


a- b = |a||b| cos 0, where @ is the angle between a and b. 


a-b 
So, cos? = ——. 
|a||| 
Now |a| = 4/3? + (—2)2 = V13 and |b| = V1? + £ = v17. 
Since we know from part (a) that a- b = —5, we have 
a-b =b 
cos 6 = = = —0.3363.... 
lal[b] = 13/17 
Hence, 6 = cos~!(—0.3363...) = 109.65...° = 110°, to the nearest 
degree. 


Activity 25 Calculating the angle between two vectors in 
component form 


Find, to the nearest degree, the angle between the vectors 


a=i+2j-k and b=—2i+j+2k. 
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4 Matrices 


This section summarises some of the key ideas about matrices that are 
explained more fully in MST124 Unit 9. Try the following quiz to 
determine which topics in this section you need to revise thoroughly. 


Activity 20 Matrices quiz 


Let P = ey >) Q= = 4) and R= a ; 
(a) Calculate 

(i) 2P-3Q (i) QR (ii) P? (iv) Q7. 
(b) Explain why it is not possible to calculate 


(i) 3P+2R (ii) R? (ii) Pol. 


4.1 Matrix operations 


For more detail on the topics covered in this subsection, refer to 


Section 1 of MST124 Unit 9. 


A matrix is a rectangular array of numbers, usually enclosed in brackets. 
Matrices have a great many applications, especially to problems involving 
large amounts of numerical data. They are used extensively in computer 
software, for example to represent large systems of equations or to 
transform objects in computer graphics. 


Some examples of matrices are shown below. 


2 -3 
7 7 _ (05 0.866 _(en ea as 
sa eae B= (ass 0.5 ) c= (3 29 sy 


In printed material, matrices are usually represented by capital letters in 
bold typeface. When handwriting a matrix name, you just use a capital 
letter — there is no need to underline the letter (as you do for vectors). For 
example, the matrix A can be handwritten as A. 


A matrix with m rows and n columns is known as an m x n matrix and its 
size is said to be m x n. So, A has size 3 x 2, B has size 2 x 2 and C has 
size 2 x 3. If m = n, then the matrix is called a square matrix. 


The entry in each row and column of a matrix is known as an element of 
the matrix. A matrix of size m x n contains mn elements. For example, A 
contains six elements. 


4 Matrices 


The theory of electronic 
circuits is one of many areas 
where matrices are useful in 
physics 
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An element of a matrix is often denoted by a lower-case letter (usually the 
same letter as the matrix name), with the row and column numbers as a 
subscript. For example, ası denotes the element in the second row and 
first column of matrix A, so a2; = 4. The elements of the matrix C above 
are all expressed in this form. 


Two matrices are equal to each other if they are the same size and if 
corresponding elements are equal. 


To add or subtract two matrices, they must be the same size. Then the 
sum (or difference) is obtained by adding (or subtracting) corresponding 
elements, as explained in the box below. 


Adding and subtracting matrices 


If A and B are m x n matrices, then A + B is the m x n matrix 
where the element in row 7 and column j is aij + bij. 


The sum or difference of two matrices of different sizes is not defined. 


To multiply a matrix by a number k, simply multiply each element of the 
matrix by k. The number k is sometimes called the scalar k, to emphasise 
that it is a number and not a matrix. 


Multiplying a matrix by a scalar 


If A is an m x n matrix and k is any real number, then kA is the 
matrix where the element in the ith row and jth column is kaij. 


The next example illustrates adding scalar multiples of matrices together. 


Where a matrix has elements that are fractions, or that are numbers with 
a common factor, it is often neater to express the matrix as the product of 
a scalar factor and a matrix whose elements are integers. 


For example, 


Activity 27 Adding and subtracting matrices and multiplying 
matrices by a scalar 


1 -2 —2 3 
(a) Let A= (3 =) ond B= ( l I 
Calculate 2A — 3B. 


(b) Simplify the following matrices by taking out a scalar factor. 


o= Fi a) Gy b= ( 


Multiplying two matrices together is a more complicated process than 
either addition or scalar multiplication. 


The general procedure is outlined in the box below. 
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Matrix multiplication 


Let A and B be matrices. Then the product matrix AB can be 
formed only if the number of columns of A equals the number of rows 
of B. 


If A has size m x n and B has size n x p, then the product AB has 
size M X p. 


The element in row į and column j of the product AB is obtained by 
multiplying each element in the ith row of A by the corresponding 
element in the jth column of B and adding the results. 


In element notation, if c;; denotes the element in the ith row and 
jth column of AB, then 


Cig = 4101; + ainda; +... + dindnj. 


Figure 26 illustrates how row i of a matrix A and column j of a matrix B 
are combined to give the element in row į and column j of the product 
matrix AB. 


aanlog O02; a 


Figure 26 The element in row 7 and column j of a product matrix AB 
expressed in terms of elements from A and B 


You can quickly check whether two matrices can be multiplied together by 
writing down their sizes next to each other as follows. 


mx|n | times |» ]x4 


The two matrices can be multiplied only if the two numbers in the boxes in 
the middle are equal, that is, if n = p. In this case, the size of the product 
matrix is given by the remaining numbers: the product of an m x n matrix 
and an n x q matrix has size m x q. 


For example, a 4 x 2 matrix can be multiplied by a 2 x 3 matrix, and the 
product has size 4 x 3. 


Example 11 Multiplying matrices 


1 -l 
Le C= || =? a |) and ID) = @ =) 
2 0 


Check that the product matrix CD can be formed, determine the size 
of CD and calculate it. 


Solution 
@. Write down the sizes of C and D and check if multiplication is 
possible. ® 


C has size 3 x 2 and D has size 2 x 2. 


D D. 


The numbers in the middle are equal, so the number of columns of C 
equals the number of rows of D and therefore C and D can be 
multiplied together to give CD. The product has size 3 x 2. 


®. To obtain the element in the ith row and the jth column of CD, 
multiply each element in the ith row of C by the corresponding 
element in the jth column of D, and add the results. ® 
1 —1 bot 1x0+(-1) x (-1) 1x1+4+(-1) x (-2) 
=—2 3 ic e = | (—2)x 0+3 x (—1) (—2) x 1+3 x (-2) 
it) 2x0+0 x (-1) 2x 1+0 x (—2) 


i g 
=|-3 -8 
M 2 


Activity 28 Multiplying matrices 


2 —3 
Let P = 4 -1 Q= oe and R= : 
9 4 1 4 1 


Calculate PR. 
Explain why it is not possible to calculate RP. 
) Calculate Q?. 


d) The matrix M has size m x n where m # n. Explain why it is not 
possible to calculate M?. 


4 Matrices 


57 


Unit 1 Key techniques 


58 


The properties of matrix addition and scalar multiplication, and of matrix 
multiplication, are summarised in the MST125 Handbook, and you should 
remind yourself of them. 


It is particularly important to remember that matrix multiplication is not 
commutative: there are matrices A and B for which the product AB 
exists but the product BA does not. Moreover, even when both products 
are defined, AB is usually not equal to BA. 


4.2 The inverse of a matrix 


For more detail on the topics covered in this subsection, refer to 


Section 3 of MST124 Unit 9. 


If you multiply a number by 1, then the number is unchanged. An 
identity matrix is a matrix that behaves like the number 1, in the sense 
that if a matrix A is multiplied by an identity matrix of an appropriate 
size, then the result is again A. 


The definition of an identity matrix is summarised in the box below. 


Identity matrices 

An identity matrix is a square matrix I such that 

e for any matrix A for which the product AI is defined, AI = A 
e for any matrix A for which the product IA is defined, IA = A. 


Each identity matrix has the form 


lL O O ee @ 
O i Q oes @ 
O @ 1 os @ 
© O O ss T 


That is, it has ones down the leading diagonal and zeros elsewhere. 


Activity 29 Checking the properties of an identity matrix 
_ (a1 %2 = ={) 0 
Let A = a B= (b11 b12) and = F a 
(a) Show that AI = IA =A. 
(b) Show that BI = B and explain why IB does not exist. 


Now consider the two matrices 


We can form the product AB: 


e 9-63) 


Similarly, we can form the product BA: 


pa=(3 G6 2)-( 5). 


Hence, 


AB=I and BA=I. 


In general, if A and B are any two n x n matrices with the property that 
AB=I and BA =I, 

where I is the n x n identity matrix, then B is known as the inverse of A. 

When the inverse of a matrix A exists, it is unique. 

We usually write the inverse of a matrix A as Awl. 


Now let’s look at how to find the inverse of a 2 x 2 matrix. The first step 
is to check that the inverse exists, and you can do that by working out the 
determinant of the matrix, as follows. 


Determinant of a 2 x 2 matrix 


Lee AS F a Then the number ad — bc is called the 


determinant of A, written det A. 


If the determinant of A is not zero, then A has an inverse and we say 
that A is invertible. 


If the determinant of A is zero, then A does not have an inverse and 
we say that A is non-invertible. 


Sometimes, non-invertible matrices are called singular matrices, and 
invertible matrices are called non-singular matrices. 


You may also see the notation |A|, for the determinant of the matrix A. 
This notation is also used when a matrix is written out in full, for example 


If the determinant of a 2 x 2 matrix is not zero, then you can use the 
following formula to find the inverse of the matrix. It is also possible to 
work out the inverses of larger square matrices, but the process is more 
complicated. 
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Inverse of a 2 x 2 matrix 


The inverse of the 2 x 2 matrix (: À is given by 


ad — bc & A , provided that ad — bc Æ 0. 


In other words, to obtain the inverse when ad — bc 4 0, swap the two 
elements on the leading diagonal and multiply the other two elements 
by —1, then multiply the resulting matrix by the scalar 1/(ad — bc). 


Example 12 /nverses of 2 x 2 matrices 


For each of the following matrices, check whether its inverse exists 
and, if it does, find it. 


(a) iG a T 


Solution 


(a) ut a= (% o 


@®. Check the determinant of A to see whether an inverse 
exists. ® 


det A = V2 x V2 — 4x 4=2-2=0. 


Since det A = 0, the matrix does not have an inverse. 


MaB E I 


@. Check the determinant of B to see whether an inverse 
exists. ® 


det B = —2 x 3 — 1 x 4 = —6 — 4 = —10. 
Since det B Æ 0, the matrix has an inverse. 
@. Use the formula to write down the inverse of B. ® 


The inverse of B is 


You can practise inverting 2 x 2 matrices in the next activity. 


Activity 30 Finding inverses of 2 x 2 matrices 


Determine which of the following matrices are invertible. For those that 
are, write down the inverse. 


@A=(3 3) MB=( 4) © on (4 5) 


5 Differentiation 


This section summarises some of the key ideas about differentiation that 
are explained more fully in MST124 Units 6 and 7. 


Differentiation and integration (which is revised in Section 6) are two of 
the most important topics in higher mathematics. You will need to be 
fluent in using all the techniques in these two sections. 


Try the following quiz to determine which topics you need to revise 
thoroughly. 


Activity 31 Differentiation quiz 


(a) Differentiate each of the following functions 


(i) y=(2e-1) (se = =| 


T 


cos(2x) 


(ii) y=e 
(iii) h(x) = z? (cos(2x) + sin(2z)) 
(v) s= E 
(b) Consider the function 
f(x) = 3a" + 4r = 122? + 1. 


Find the coordinates of the stationary points and determine whether 
each is a local minimum, a local maximum or a point of inflection. 


(c) A particle moves along a straight line. The displacement s (in m) of 
the particle at time t (in s) is given by 


s = 50t — 5¢?. 


Find an expression for the velocity v at time t. Hence find the 
maximum displacement of the particle. 
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5.1 Finding derivatives of simple functions 


For more detail on the topics covered in this subsection, refer to 


Sections 1 and 2 of MST124 Unit 6. 


The gradient of a straight line measures how steep the line is. It can be 
calculated from the coordinates of any two points on the line, provided 
that the line is not vertical. 


Gradient of a straight line 


The gradient of the straight line through the points (x1, y1) and 
(x2, y2), where 21 Æ £2, is given by 
Ya = Yi 


gradient = : 
JES) S ADIL 


For example, the gradient of the line through the points (2, —2) and 
(—1,4) is given by 


4—(-2) 6 


dient = ———— = 
gradien pa 3 


The gradient of a straight line can be positive, negative or zero. A straight 
line that slopes down from left to right has a negative gradient and a 
straight line that slopes up has a positive gradient. A horizontal line has a 
gradient of zero and a vertical line does not have a gradient. 


The gradient of a curved graph at a particular point is the same as the 
gradient of the tangent to the graph at that point, as shown in 

Figure 27(a). The tangent can be visualised by imagining ‘zooming in’ on 
the point, as shown in Figure 27(b). 


As you zoom in, the portion of the graph around the point looks straighter 
and straighter and eventually it will appear indistinguishable from a line 
segment through the point. This line segment is part of the tangent to the 
graph at that point. 


pocer tte, 
7 ` 
À 


` 
a E a 


or se 
Ss. 


(a) 


Figure 27 (a) The tangent at the point P (b) zooming in on P 


The tangent to a curved graph at a point may just touch the curve at that 
point, as with the tangent at P in Figure 28(a), or it may cross the curve 


at that point, as with the tangent at Q in Figure 28(b). 


Yr YA 
7 Q 
a z 
(a) (b) 
Figure 28 (a) Tangent at P touches the curve (b) tangent at Q crosses 
the curve 


For many of the functions that you will meet in MST125, the graph of the 

function has a tangent at every point. However, this is not always the case. 
For example, Figure 29 shows the graph of the modulus function 

f(x) = |z|. Zooming in on the point (0,0) will always give a V-shape rather 
than a line segment. Hence there is no tangent to the graph at this point. 
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Figure 29 The graph of the modulus function f(x) = |z] 


The idea of the gradient at a point on the graph of the function f is used 
to define the derivative of the function, as in the box below. 


Derivatives 


The derivative (or derived function) of a function f is the 
function f’ such that 
f'(x) = gradient of the graph of f at the point (x, f(z)). 


The domain of f’ consists of the values in the domain of f at which f 
is differentiable (that is, the x-values that give points at which the 
gradient exists). 


d 
If y = f(x), then f'(x) is also denoted by = 
The derivative f’ is given by the equation 
ma r IEI) 
ee age h 


The procedure of using this equation to find a formula for the 
derivative f’ is called differentiation from first principles. 


The notation f’ for the derivative of a function f is known as Lagrange 


d 
notation. The notation A read as ‘d y by d x’ and often referred to as 
z 


the derivative of y with respect to x, is known as Leibniz notation. 


If y = f(x), the notation Z means the same as f'(x). 
È 


For example, if f(x) = x?, then in Lagrange notation 
f (a) = oe, 
whilst in Leibniz notation, 
d 
if y = x°, then Ta 22. 
dz 
You can also express the fact that 2x is the derivative of x? in Leibniz 


d 
notation by writing ge = 2r. 
x 
In practice, it is rarely necessary to use the process of differentiation from 


first principles. If you know the derivatives of some standard functions, 
you can use these to find the derivatives of other related functions. 


The table below shows some standard functions and their derivatives. 
These results are explained fully in MST124, and you may find it helpful 
to review Section 2 of MST124 Unit 6 and Section 1 of MST124 Unit 7 
before proceeding further with this subsection. 


You should try to memorise at least the first six functions and their 
derivatives (those above the line in the middle of the table), as they’re 
used frequently in mathematics. Note that the angles in the trigonometric 
functions in this table are measured in radians. 

Standard derivatives 

Function f(x) Derivative f'(x) 


a (constant) 0 


gee ng! 
er ea 
il 
lng — 
T 
sin x COS £ 
CoS £ — sin x 
tan x sec? x 
COSEC & — cosec T cot t 
SECIE sec x tan & 
COTE — cosec? z 
; 1 
sin! x —— 
V1 — x? 
i 1 
COSME — — 
V1 — 2? 
= l 
tangar 5 
1+2 


For example, using the fact that the derivative of f(x) = x” for any 
number n is f'(x) = na"—!, you can work out that the derivative of 


is 


If you multiply a function by a constant then, by differentiating from first 
principles, it can be shown that its derivative is multiplied by the same 
constant. This fact is known as the constant multiple rule. It is 
summarised in the boxes below using each of the two standard notations 
for derivatives. 
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Constant multiple rule (Lagrange notation) 
If the function k is given by k(x) = af(x), where f is a function and a 
is a constant, then 

k'(x) =af'(a), 


for all values of x at which f is differentiable. 


Constant multiple rule (Leibniz notation) 


If y = au, where u is a function of x and a is a constant, then 
dy du 


dr dr’ 


for all values of x at which u is differentiable. 


For example, consider the expression 


_ 3 
Y= 2 


This can be written as 


It can also be shown that the derivative of the sum of two functions is the 
sum of the derivatives of the two functions. This general rule is stated in 
the boxes below. 


Sum rule (Lagrange notation) 


If k(x) = f(x) + g(x), where f and g are functions, then 
k'(x) = f'(x) + 9'(2), 


for all values of x at which both f and g are differentiable. 


Sum rule (Leibniz notation) 


If y = u +v, where u and v are functions of x, then 
dy du dv 
= SS — + ==>} 
co Ge la 
for all values of x at which both u and v are differentiable. 
‘ . dy ; 
For example, if y = cos x — sin xz, then Jg Sme- cosa. 
z 
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The next example illustrates how you can differentiate a wide range of 
functions by using the sum rule and the constant multiple rule in 
combination. Note that sometimes the function has to be rearranged first, 
in order to express its formula as a sum. 


Throughout this section, the domains of functions you are asked to 
differentiate are not usually specified. You should assume that the domain 
is the largest possible subset of the real numbers on which the function can 
be defined, and that you are differentiating the function at a point where it 
is differentiable. 


Example 13 Using the sum rule and the constant multiple rule 


Differentiate each of the following functions. 
Oi - a =5ine 

(b) y = (8a — 1)(22 + 5) 

Cue 3t+4 


t3 
Solution 


(a) ®. Express f(x) in terms of functions from the table of standard 
derivatives. ® 


3 
f(z) =—-4/r+ fe” —5lnz 
g 
= 327} — de? + te” —5Inz. 


@. Now use the sum rule and the constant multiple rule to find 
the derivative. & 


Hence 


(b) ®. Multiply out the brackets and then use the sum rule and the 
constant multiple rule. ® 


We have 
g = (Be = DOr 45) = 0 1 =, 
sO 


Ut ee ae 
dz 
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Activity 32 Using the sum rule and the constant multiple rule 


Differentiate each of the following functions. 


(a) f(x) = 2sin x —4cosx+5tanz 
(b) g(x) = 7z? + = — z(2z? — 3) +6 


(c) y = n(5z) 


Gae (= yas 1) 


5.2 The product, quotient and chain rules 


For more detail on the topics covered in this subsection, refer to 


Section 2 of MST124 Unit 7. 


If a function is a product of two or more polynomial functions, then you 
can multiply out the brackets and use the sum rule and the constant 
multiple rule to find the derivative of the function. However, for many 
functions which are products of other functions, it is not possible to 
rearrange the product in this way. In these cases, you can use the product 
rule, as explained in the boxes below. 


Product rule (Lagrange notation) 

If k(x) = f(x)g(x), where f and g are functions, then 
k'(z) = f(e) (2) + 9(@)f"(2), 

for all values of x at which both f and g are differentiable. 


5 Differentiation 


Product rule (Leibniz notation) 


If y = uv, where u and v are functions of xz, then 
dy dv du 
— = u— +v—, 
dg dz da 


for all values of x at which both u and v are differentiable. 


Example 14 Differentiating a product 


What is the gradient of the graph of y = x? cos x at the point on the 
graph where x = 7/2? Give the exact answer. 


Solution 


@. To find the gradient of the graph, we need to work out the 
derivative of y with respect to x. Differentiate y using the product 


rule. @ 

Let u(x) = z? and v(x) = cos z. 

Then du = 377 and Ww = — sin 7T. 
dx dx 


By the product rule, 
dy du du 
dr “da | dx 
= z” ( sinz) + (cos 2)(3z7) 
= z’ (3 cos z — z sin z). 
@. Now substitute the value z = 7/2 to find the gradient at this 
point. ® 


The formula for dy/dg then gives that the gradient at x = 7/2 is 


(5) (e (3) -3 (3)): 


Since sin(7/2) = 1 and cos(7/2) = 0, the gradient is 


You may prefer to remember the product rule in the following informal 
way: 


ae = (bja Gey + (seeoudyx Grae l 


of product of second of first 
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Activity 33 Using the product rule 


(a) Use the product rule to differentiate the following functions. 
(i) k(x) = zsing (ii) y = e” tanx (iii) r= lnt 


(b) What is the gradient of the graph of the function p(t) = vtsect at 
t = 7/3? Give your answer to one decimal place. 


Suppose now that two differentiable functions f and g can be combined to 
form a function k whose rule is k(x) = f(x)/g(x). Then the derivative of k 
can be found by using the quotient rule, which is described in the boxes 
below. 


Quotient rule (Lagrange notation) 
If k(x) = f(x)/g(x), where f and g are functions, then 
r) — SOF) — F@)g'(@) 


k 
2 VOP 
for all values of x at which both f and g are differentiable and 
g(a) # 0. 


Quotient rule (Leibniz notation) 


If y = u/v, where u and v are functions of x, then 


au dv 
dy = als da 


dx v2 


for all values of x at which u and v are differentiable and v Æ 0. 


70 


You may prefer to remember the quotient rule as in the following informal 
way, and apply it directly: 


bottom derivative De derivative 
derivative of top P of bottom 
of quotient] = a bottom 


Activity 34 Using the quotient rule 


Use the quotient rule to differentiate the following functions. 


o 2+1 e” — 1 r3 


eg Say aa 


(d) m(n) = tann 


Now consider the function y = sin(2x). Since sin(2x) = 2 sin x cos z, you 
could use the product rule to differentiate this function. 


However, an alternative method is to recognise y as a composite of two 
functions. To work out y for a particular value of x, you first have to 
multiply x by 2. Let’s call the result u, so u = 2x. Then you find the sine 
of the result, so y = sinu. This shows that y can be decomposed into the 
two functions, 


y = sinu, where u = 2z. 


Alternatively, you can think of y = sin(2x) as y = sin(‘something’). Now 
letting u =‘something’ also gives u = 2x and y = sin u. 
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Once you have recognised that a function is a composite of two other 
functions, you can use the chain rule to differentiate it. The chain rule is 
summarised in the boxes below. It is also sometimes called the composite 
rule or the function of a function rule. 


Chain rule (Lagrange notation) 


If the function k has the rule k(x) = g(f(x)), where f and g are 
functions, then 


ki(x) = g'(f(x)) f (2) 
for all values of x such that f is differentiable at x and g is 
differentiable at f(x). 


Chain rule (Leibniz notation) 


If y is a function of u, where u is a function of x, then 
dy dy du 


dx du dz 
for all values of x where y as a function of u, and u as a function of x, 


are differentiable. 


For example, to differentiate y = sin(2z), let u = 2x and y = sinu. 


d 
Then T = 2 and w = cos u. 


Hence, by the chain rule, 
dy dy du 


d£ du dz 
= (cosu) x 2 


= 2 cos(2x). 
When you are confident with using the chain rule, you may prefer to apply 
it in the following informal way, without introducing the extra variable u. 


Suppose y is a function of ‘something’, where the ‘something’ is a function 
of x. Then, to differentiate y with respect to x, you first differentiate y 
with respect to the ‘something’ and then multiply by the derivative of the 
‘something’ with respect to x. 


For example, suppose 
y = sin? x = (sin z)’. 
Then y = ‘something’ cubed, where the ‘something’ is sin x. 
Now the derivative of ‘something’ cubed with respect to ‘something’ is 


3 x ‘something’ squared, 


and the derivative of the ‘something’ with respect to x is cos x. 


d . 
So, if y = sin? z, then Y — 3sin? x cosg. 


dx 


Example 16 Differentiating composite functions using the chain 
rule 
Find the derivative of each of the following functions. 


(a) y= (a? = 3a + 2)? (b) w =cos(V/t) 


3 
(c) r(s) = T 
Solution 


(a) ®. Here, y has the form y = (something)!? 


something = u. ® 


, So set 


If we put u= 27 — 32+ 2, then y =u 
@. Next, find the derivatives of u and y. & 


We have 


du dy _ a 
mooo and T : 


®. Now apply the chain rule. ® 
By the chain rule, 
dy dy du 


dz du dz 
= Du" Qe = 3) 
SG = age Or = 3): 


(b) Here w = cos( vt). If we let u = Vt = t2, then w= cosu. So 


n = L and a= — sin u. 
dt 2 du 
Hence, by the chain rule 
dw dw du 
de du dt 
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Activity 35 Differentiating composite functions using the chain rule 


Find the derivative of each of the following functions. 

(a) y =e” (this function may also be written as y = exp(z2)) 
(b) r= Vst +282 +3 

(c) g(x) = tan(cx), where c is a constant 

(d) s(p) = In(p* + 1) 


It can sometimes be difficult to decide which differentiation rules to apply, 
particularly if the function involves a combination of products, quotients or 
composites. You’ll see an example of how to deal with functions like this 
shortly, but first here is a checklist of useful questions to help you to decide 
which method to use. 


5 Differentiation 


Checklist for differentiating a function 
e Isit a standard function? 
e Can you use the constant multiple rule and/or the sum rule? 


e Can you rewrite it to make it easier to differentiate? For 
example, multiplying out brackets may help. 


e Can you use the product rule (is it of the form 
f(x) = something x something)? 


e Can you use the quotient rule (is it of the form 
f(x) = something/something)? 


e Can you use the chain rule (is it of the form 
f(x) =a function of something)? 


When you use a differentiation rule, you usually have to find the 
derivatives of simpler functions. You can apply the checklist above to 
each of these simpler functions in turn. 


The next example illustrates how the differentiation rules can be 
combined. Note that, for complicated functions, it can be helpful to work 
in steps, using the notation d/dz to indicate the derivative of a function 
that appears in the working. 


Example 17 Combining the differentiation rules 


Find the derivative of y = 2%e°”. 


Solution 


COs T 


@. This is a product of two functions, 2x and e°°%*, so apply the 


product rule. ® 


By the product rule, 


dy d d 
y) COST COS £ 
— = 2x—(e**) + e7 — (2x) 


= e E De T. 
T 


@. Now work out the derivative of e©°8*. The function e°°8* is of the 
form e8™*thing so use the chain rule. @ 


ae) = (e°?) (— sin x). 


®. Finally, combine the results and simplify the answer. ® 
dy 


T 2x(e**)(— sin x) + 2e? 
T 


= E E — RA) 
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Activity 36 Combining the differentiation rules 


Differentiate the following functions. 
_ TCOST 


(a) z = cos(26) sin(46) (b) f(x) = z244 


5.3 Stationary points 


For more detail on the topics covered in this subsection, refer to 


Section 4 of MST124 Unit 6. 


The derivative of a function tells you the gradient at each point on the 
graph of the function. A positive gradient corresponds to a graph sloping 
up, while a negative gradient corresponds to a graph sloping down. So the 
derivative of a function tells you whether the function is increasing or 
decreasing, as set out in the box below. (If you need to refresh your 
memory about increasing or decreasing functions, look again at the box in 
Subsection 1.4 of this unit.) 


Increasing/decreasing criterion 
Thank goodness 
for the stationary 

points! If f'(x) is negative for all x in an interval J, then f is decreasing on T. 


If f'(x) is positive for all x in an interval J, then f is increasing on T. 


A point at which the gradient of a graph is zero is called a stationary 
point. The stationary points of a function f can be found by solving the 
equation f'(x) = 0. 


Both the x-coordinate and the point itself are known as the stationary 
point. For example, you can say: ‘The function has a stationary point at 
x = 2’ or ‘The stationary point has coordinates (2, 6)’. 


Figure 30 shows some examples of stationary points, namely a local 
maximum (a), a local minimum (b) and a horizontal point of inflection (c). 
A horizontal point of inflection occurs when the function is decreasing (or 
increasing) on both sides of the stationary point. 
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(a) (b) (c) 


Figure 30 (a) A local maximum (b) a local minimum (c) a horizontal 
point of inflection 


Note that not all stationary points are one of these types. For example, 
the line y = 5 has zero gradient everywhere and hence all points on the line 
are stationary points. 


You can determine the nature of a stationary point by considering the sign 
of the derivative on either side of the stationary point, as outlined in the 
box below. 


First derivative test (for determining the nature of a 
stationary point of a function /) 


If there are open intervals immediately to the left and right of a 
stationary point such that 


e f'(x) is positive on the left interval and negative on the right 
interval, then the stationary point is a local maximum 


e f'(x) is negative on the left interval and positive on the right 
interval, then the stationary point is a local minimum 


e f'(x) is positive on both intervals or negative on both intervals, 
then the stationary point is a horizontal point of inflection. 


This test is called the first derivative test because it is based on looking at 
the values of f'(x), that is, the function f differentiated once. The test is 

illustrated in Figure 31. The signs show whether the derivative is positive 
or negative on intervals immediately to the left and right of the stationary 
point. 


aw, 
-— + 
Suppose that a function is differentiable at all points within an interval 
around the stationary point, and that there are no other stationary points T a E i 
within this interval. Then it is possible to apply the first derivative test by 

choosing two points within the interval, on either side of the stationary 

point, and working out the value of the derivative at these points. 


This process is illustrated in the next example. Note that the function in Figure 31 The signs of the 


: : ; T ; derivative to the left and 
this example is a polynomial and so is differentiable everywhere. right of different types of 


stationary point 
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Example 18 Determining the nature of stationary points by 
applying the first derivative test 


Consider the function 
f(z) = 2a° — 34° — 62 +6. 
(a) Find the coordinates of the stationary points of f. 


(b) Determine whether each stationary point of f is a local 
maximum, a local minimum or a horizontal point of inflection. 


(c) Hence sketch the graph of f. 
(d) What are the greatest and the least values of the function on the 
interval [—1, 4]? 
Solution 
(a) @. Differentiate f and solve the equation f'(x) = 0. & 
The derivative is 
f(x) = 6x? — 92 —6 
307 = 37 2) 
= 3(22 + 1)(x — 2). 
Thus the equation f'(x) = 0 gives 
3(2x + 1)(a — 2) =0, 
which has solutions 


mE DONER 


Hence the stationary points of f are -4 and 2. Now 
eS 1)3_9/_1)2 1 — &il 
i) =) a (ae) le) hae 
and 
f(2)=2x 22-3 x 2?-6x2+6=-8. 
The coordinates of the stationary points are therefore (—4, 6) 
and (2, —8). 


(b) &. Choose points on either side of each stationary point at which 
to apply the first derivative test. There are many possible choices 
of such points, so choose them to be as simple as possible. ® 


Consider the values —1, 0 and 3. The values —1 and 0 lie on each 
side of the stationary point —3, and the values 0 and 3 lie on 
each side of the stationary point 2. 


As the function f is a polynomial function, it is differentiable at 
all values of x. Also, there are no stationary points between —1 
and —5, or between 4 and 0. Similarly, there are no stationary 
points between 0 and 2, or between 2 and 3. Since 


f'(x) = 6a? — 9x — 6, we have 
f'(-1) = 6(-1)? - 9(-1) -6 =9 
f'(0) = —6 
f'(3) = 6(3)? — 9(3) — 6 = 21. 
Hence f’ is positive at —1 and negative at 0, so the stationary 


point at x = -4 is a local maximum, whilst f’ is negative at 0 


and positive at 3, so the stationary point at x = 2 is a local 
minimum. 


(c) ®. Sketch the graph of f and label the coordinates of the key 


points. ® 


The graph of f is shown below, with the part of the graph lying 
in the interval [—1, 4] highlighted (this is useful for part (d)). 


a 5202 
Jæ) 20" =o = 67-6 
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Activity 37 Determining the nature of stationary points using the 
first derivative test 


Consider the function 
f(z) =a24- Sr + 2x7 — 1. 

(a) Find the stationary points of f. (Hint: factorise f'(x), by first noticing 
that it has x as a factor.) 


(b) By finding the values of f’ at appropriate points, determine whether 
each stationary point of f is a local maximum, a local minimum or a 
horizontal point of inflection. 


(c) Find the coordinates of the stationary points. 
(d) Hence sketch the graph of f. 


Consider again the function f(x) = 273 — 3x" — 6x +6 from Example 18. 
The derivative of f(x) is f'(x) = 6x? — 9x — 6, which is itself a function 
that can be differentiated. 


The derivative of the function f’ is known as the second derivative of f 
and, in Lagrange notation, is denoted by f”. 


In Leibniz notation, the second derivative of y with respect to x is denoted 
by - (read as ‘d two y by d x squared’). 
In the case of the function from Example 18, we have f”(x) = 12x — 9 
using Lagrange notation or, if we put y = 223 — Br? — 6x +6, 

dy 


ge e= 


using Leibniz notation. 


Higher derivatives (that is, third derivatives, fourth derivatives, and so on) 
can be denoted in a similar way. 


Now consider what we can say about the graph of a function f from the 
values of its second derivative f”. 


If the second derivative f” is positive on an interval, then the derivative f’ 
must be increasing on the interval, and so the gradient of the graph of f 
will be increasing. If the gradient of a graph is increasing on an interval, 
then the tangents at points within the interval lie below the curve and the 
graph is said to be concave up. Some examples of sections of graphs with 
increasing gradients are shown in Figure 32. 


ea 


Figure 32 Sections of graphs with increasing gradients 


On the other hand, if the second derivative f” is negative on an interval, 
then the derivative f’ must be decreasing on the interval, and so the 
gradient of the graph of f will be decreasing. In this case, the tangents at 
points on the graph within the interval lie above the curve and the graph is 
said to be concave down. Some sections of graphs with decreasing 
gradients are shown in Figure 33. 


i a 


Figure 33 Sections of graphs with decreasing gradients 


At and around a local maximum of a function, the gradient of its graph 
decreases and the second derivative is negative. At and around a local 
minimum of a function, the gradient of its graph increases and the second 
derivative is positive. 


This gives a useful test for determining the nature of stationary points, 
which is summarised in the box below. 
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Second derivative test (for determining the nature of a 
stationary point) 


If, at a stationary point of a function, the value of the second 
derivative of the function is 
e negative, then the stationary point is a local maximum 


e positive, then the stationary point is a local minimum. 


From Example 18, you know that the stationary points of the function 
f(x) = 2x3 — 32? — 6x +6 occur at x = —4 and at x = 2. Substituting 
these values in the second derivative, f” (a) = 12x — 9, gives 


f"(-§) = 12x (—4) -9=-15 
and 
f' 2) =12%9=9=15. 


Since f”(—4) is negative, there is a local maximum at x = —4, and since 
f” (2) is positive, there is a local minimum at x = 2. These results agree 


with those obtained from the first derivative test in Example 18. 


Notice that, if the value of the second derivative of a function is zero at a 
stationary point, then the second derivative test can’t be used to 
determine the nature of the stationary point. In this case, you should fall 
back on the first derivative test, which can always be used. 


For example, consider the function f(x) = xt. Then f'(x) = 4x and hence 
there is a stationary point at x = 0. Differentiating f'(x) gives 

f(x) = 1227, and hence f”(0) = 0. So the second derivative is zero rather 
than either negative or positive, and therefore the second derivative test 
cannot be used to determine the nature of the stationary point. 


However, the first derivative test can be used. When x < 0, f'(x) < 0, and 
when x > 0, f'(x) > 0, so the stationary point at x = 0 is a minimum. 


The next activity asks you to apply the second derivative test to determine 
the nature of some stationary points. 


Activity 38 Determining the nature of stationary points using the 
second derivative test 
Consider the function 
f(x) =3a*+ $r? — 527 +5. 
(a) Find the stationary points of f. 


(b) Use the second derivative test to determine the nature of each 
stationary point. 


A point where the graph of a function changes from concave up to concave 
down is called a point of inflection. The tangent to the graph at a point 
of inflection crosses the graph. 


For example the graph of y = x — r? shown in Figure 34 has a point of 
inflection at the origin. 


Figure 34 The graph of y = x — x; the tangent at x = 0 crosses the 
graph 

The points of inflection of a function f can be found by solving the 
equation f”(x) = 0 and checking that f”(x) changes sign at these points. 


Notice that a point of inflection is not necessarily a stationary point. 
However, if the gradient of the graph is zero at the point of inflection (that 
is, if f'(x) = 0), then the point is a horizontal point of inflection, which is 
a type of stationary point covered earlier. 


Activity 39 Finding points of inflection 


For each of the following functions, determine whether the graph of the 
function has any points of inflection. 


(a) f(x) = 23 —327-102+20 (b) g(x) = z4 — 82° + 242? — 322 + 40 


5.4 Rates of change 


For more detail on the topics covered in this subsection, refer to 


Sections 3 and 5 of MST124 Unit 6. 


The gradient at any point on the graph of the variable y against the 
variable x measures the rate of change of y with respect to zx. 


For example, suppose the displacement of an object moving along a 
straight line is plotted against time. Then the gradient of the resulting 
graph is the rate of change of the object’s displacement with respect to 
time, that is, its velocity. 
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Similarly, if the velocity of the object is plotted against time, then the 
gradient of the resulting graph is the rate of change of the object’s velocity 
with respect to time, that is, its acceleration. 


(Acceleration, velocity and displacement are all vector quantities but, for 
motion along a straight line, they can be represented by scalars with the 
sign of the scalar indicating the direction.) 


So, given a formula for the displacement of an object moving along a 
straight line in terms of time, you can find formulas for the velocity and 
acceleration of the object by differentiating the displacement function, as 
summarised in the box below. 


Displacement, velocity and acceleration 


Suppose that an object is moving along a straight line. If t is the time 
that has elapsed since some chosen point in time, and s, v and a are 
the displacement, velocity and acceleration of the object, respectively, 
then 

ds dv d?s 


a ae and 6 a 


Time, displacement, velocity and acceleration can be measured in any 
suitable units, as long as they are consistent. For example, if displacement 
is measured in metres (m) and time is measured in seconds (s), then 
velocity will be measured in ‘metres per second’ (ms~! or m/s) and 
acceleration in ‘metres per second per second’ (ms~? or m/s”). 


The next activity will give you some practice in working with these ideas. 


Activity 40 Using differentiation to investigate motion along a 
straight line 


A ball is thrown vertically upwards. The height of the ball above ground 
level is represented by the equation 

s=114+ 7-50’, 
where t is the time in seconds and s is the height in metres. 
(a) Find formulas for the ball’s velocity and acceleration in terms of time. 
(b) Find the ball’s velocity and acceleration 0.4 seconds after it is thrown. 


(c) When the ball reaches its maximum height, its velocity is zero. At 
what time does the ball reach its maximum height? 


(d) Find the maximum height reached by the ball. 


6 Integration 


This section reviews some of the material on integration that you met in 
MST124 Unit 7 and Unit 8. Other aspects of integration will be reviewed 
when you study Unit 7, Topics in calculus. 


Integration is the reverse of differentiation, which you reviewed in the 
previous section. The ideas and methods of integration underpin many 
topics in mathematics, so take time to work through the examples and 
activities in this section carefully. 


Try the following quiz to determine which topics in this section you need 
to revise thoroughly. 


Activity 41 Integration quiz 


(a) Find the indefinite integrals of the following functions. 


is ?—4 
(i) fz)=(e@-1Qz+1) (i) g(t) = 3 
(b) Show that the derivative of y = sec(2z) is 


dy 
dz 
Hence find the indefinite integral 


| seen tenta aa. 


(c) Evaluate the following definite integrals. Give exact answers. 


2 (on — 1)2 
(i) | uw 


T/4 
(ii) f (cos 30 — sin 0) dé 
0 


= 2sec(2x) tan(2z). 


(d) Find the area between the graph of y = e* and the x-axis from 
x = —1 to x = 1. Give your answer to three significant figures. 


(e) Explain why the following statement is incorrect. 


[ Zaf xr’? dz = ae sasije 
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6.1 Indefinite integration 


For more detail on the topics covered in this subsection, refer to 


Sections 4 and 6 of MST124 Unit 7. 


Suppose you have a function f, and you want to find another function, 

say F, whose derivative is f. The function F is called an antiderivative 
of the original function f. For example, an antiderivative of the function 
f(x) = 32? is the function F(x) = z’, because the derivative of x? is 32. 


The process of finding an antiderivative of a function is called integration. 


Note that any function of the form F(x) = x? + c, where c is a constant, 
also has derivative 3x”. This general function F(x) = x? + c is known as 
the indefinite integral of f. 


Since the constant c can take any value, it is known as an arbitrary 
constant, or the constant of integration. You can use any letter for 
this constant. 


When working on integration, you will normally deal with functions that 
are continuous. Informally, a continuous function is one whose graph 
has no discontinuities (that is, ‘breaks’), or whose graph you can draw 
without taking your pen off the paper. Every continuous function has an 
antiderivative. To obtain the indefinite integral of a continuous function, 
you add an arbitrary constant to any particular antiderivative of the 
function. 


The definitions of an antiderivative and the indefinite integral of a function 
are summarised below. 


Antiderivatives and indefinite integrals 
Suppose that f is a function. 
An antiderivative of f is any specific function whose derivative is f. 


If f is continuous, then the indefinite integral of f is the general 
function obtained by adding an arbitrary constant c to the formula 
for an antiderivative of f. It describes the complete family of 
antiderivatives of f. 


We tend to denote the function we start with by a lower-case letter, for 
example f, and use the corresponding upper-case letter, for example F’, to 
denote any of its antiderivatives or its indefinite integral. 


However, a more common notation for the indefinite integral of f(x) is to 
use the integral sign f, and to write 


/ f(a) de. 


For example, for any value of n 4 —1, the indefinite integral of f(x) = x” is 


1 
j= drz = —— rt! + c. 
n+1 


The function f(x) that is to be integrated is known as the integrand. 


Indefinite integrals of some standard functions are shown in the table 
below. You should try to memorise at least the first six functions and their 
indefinite integrals (those above the line in the middle of the table), as 
they’re used frequently in mathematics. 


Standard indefinite integrals 


Function Indefinite integral 


a (constant) ax+c 


1 
n n+1 
x” (m A D ——2"™ +c 
( ) n+1 
ei e” +c 
Í 
— ln|z| +c 
T 
or lng +c, for x > 0 
sin x = QP E 
COS £ sinz +c 
sec? x tanz +c 
cosec? g =O r E 
sec x tan x SOC I se Ce 
cosecxcotx —cosecr+c 
1 TS 
—— Sil 7 48 == © 
V1 — x2 =i 
or — cos qt +c 
1 =il 
5 tan ~z2+ec 
1+2 


Once you know the indefinite integrals of some standard functions, you can 
obtain formulas for the indefinite integrals of sums and constant multiples 
of the functions by using the two rules below. 


Constant multiple rule and sum rule for indefinite integrals 


[rt di kf He) dz, where k is a constant 


[F@ +(e) ax = f fear + f oa) ae 
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Sometimes it is necessary to rearrange the integrand (for example, by 
multiplying out brackets) so that these rules can be applied. The next 
example illustrates this. 


Example 19 Using the constant multiple rule and the sum rule for 
indefinite integrals 


Find the indefinite integral 
2x — 1 4 
| (Qa Ms ) ae 
= 
Solution 


@. Manipulate the integrand to get it into a form that allows you to 
use the constant multiple rule and the sum rule for indefinite 
integrals, together with standard indefinite integrals. © 


= 2 = 
[> We as fE +5r 1z 


x? x? 


5 4 
a 
T L 
1 =2 
= | 6dx+s | —dz—4 | «da 
xv 
x! 
= 6r + 5In|z|—4x — +e, 


4 
= 6¢+5In|zl+— +c, 


where c is an arbitrary constant. 


You can practise using these rules for indefinite integrals in the next 
activity. 


Activity 42 Using the constant multiple rule and the sum rule for 
indefinite integrals 


Find each of the following indefinite integrals by first expanding the 
integrand. 


(a) fae —1)* dz (b) [(cosec x)(cosec x + cot x) dx 


Now consider the function f(x) = cos(az), where a is a constant. To 
integrate this function, you need to find a function whose derivative is 
cos(axz). You know that the derivative of sin x is cos x, so try 
differentiating sin(az). 


If F(x) = sin(az), then by the chain rule, F’(x) = acos(az). 
Hence 


1 1 
f ostan) dx = — f acos(ax) dx = —sinax + c, 
a 


a 


where c is an arbitrary constant. 


A similar method can be used to show that 


1 1 
f sintan) dz = —-— cos(az) +c, and Je dz = =e% + c. 
a a 


Activity 43 Integrating trigonometric functions 
(a) Find fsan) dr: 


(b) Differentiate y = tan™! (=). Hence find 


1 
|= rE dz. 


6.2 Definite integration 


For more detail on the topics covered in this subsection, refer to 


Sections 1 and 2 of MST124 Unit 8. 


In this subsection we consider the problem of finding the area between a 
graph and the z-axis. 


We make the following definitions. Suppose that f is a continuous function 
and a and b are numbers in its domain. First suppose that b is greater 
than a. 


If the graph of f does not cross or touch the x-axis between « = a and 

x = b (except possibly at x = a or x = b), then the signed area between 
the graph of f and the z-axis from z = a to x = b is the area of the region 
between the graph of f and the x-axis from x = a to x = b, with a plus or 
minus sign according to whether this region lies above or below the x-axis. 
For example, the signed area illustrated in Figure 35 has a positive value. 


6 


Integration 


89 


Unit 1 Key techniques 


90 


Xy 


Figure 35 The signed area between the graph of f and the x-axis from 
r=ator=b 


Now suppose that the graph of f crosses or touches the x-axis between 

x =a and g = b, so that there are two or more individual regions between 
the graph of f and the x-axis between x = a and x = b, each of which lies 
entirely above or below the z-axis. Then the signed area between the 
graph of f and the z-axis from z = a to x = b is the sum of the signed 
areas of these regions. 


An example is given in Figure 36, which shows the graph of the sine 
function from x = 0 to x = 27. The signed area from 0 to 7 is positive and 
the signed area from 7 to 27 is negative. From the symmetry of this graph, 
the area above the x-axis is equal to the area below the x-axis. So the 
total signed area from 0 to 27 is zero. 


YA 


positive 


negative 


y = sin x 


Figure 36 The signed areas of y = sin x from z = 0 to z = 27 


If b is less than a, then the signed area between the graph of f and the 
z-axis from x = a to x = b is the negative of the signed area between the 
graph of f and the z-axis from « = b to x =a. If a = b, then the signed 
area is zero. 


This idea of the signed area is used to define the definite integral of a 
continuous function, as in the box below. 


6 Integration 


Definite integrals Well... it’s 
definitely an integral... 


Suppose that f is a continuous function, and a and b are numbers in 
its domain. The signed area between the graph of f and the z-axis 
from x = a to x = b is called the definite integral of f from a to b, 
and is denoted by 


f ” F(a) de. 


For example, since the signed area in Figure 36 is zero, we have 


2 
f ‘ sin gz dx = 0. Not the meaning of a 
0 definite integral. 


The numbers a and b in the notation 


[sow 


are called the lower and upper limits of integration, respectively. Note 
that, because of the way we have defined the signed area, the definition of 
the definite integral applies whether the value of a is less than, equal to or 
greater than the value of 6, and in particular 


[ tæ ree f to di: 


By the fundamental theorem of calculus, if F is an antiderivative of f, 
then the definite integral 


f to T 


can be evaluated by calculating the change in the value of F(x) from z = a 
to x = b, as stated below. 


Fundamental theorem of calculus 


Suppose that f is a continuous function whose domain includes the 
numbers a and b, and that F is an antiderivative of f. Then 


b 
Oa nay 


For any function F, the expression 
F(b) — F(a) 


can be written in square bracket notation as follows: 


|F) ° = F(b) — F(a). 


a 
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As an example of the fundamental theorem of calculus, consider again the 
function f(x) = sinx whose graph is shown in Figure 36. An antiderivative 
of f is F(x) = — cos x, so 


2a Qn 
i sin z dz = |- cos. = —cos(27) + cos 0 = —1 +1 = 0, 
0 


which agrees with the calculation above using signed areas. 


The next example and activity will give you practice in evaluating definite 
integrals using the fundamental theorem of calculus. 


Example 20 Evaluating a definite integral 
Evaluate the definite integral 


(Gee 


Solution 


@. Manipulate the integrand to get it into a form that you can 
integrate. ® 


[EE-S (ea) @ 
2 iE (2? +274) ae. 


@. Now apply the fundamental theorem of calculus, and evaluate the 
result. @ 


= 
A 
ATS 
8 
Nie 
+ 
Si 
Nie 
SS 
jon 
8 
I 
wily 
8 
NIW 
+ 
~N 
8 
NIH 
iS 
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Activity 44 Evaluating definite integrals 


Evaluate the following definite integrals. Give exact answers. 


(a) [ ssindear (b) [ e(lte)dt (0) [xe 


= | 2r 


6.3 Using integration to solve some practical 
problems 


For more detail on the topics covered in this subsection, refer to 


Section 5 of MST124 Unit 7. 


In Subsection 5.4 of this unit you saw that, if you have a formula for the 
displacement s of an object along a straight line in terms of the time t, 
then the object’s velocity v is given by 


ds 
dt’ 
and its acceleration a is given by 
dv . d?s 
ove that is, by IZ 


So if you know the acceleration a of an object moving along a straight line 
in terms of the time t, then you can integrate a to obtain a formula for v, 
and then integrate v to obtain a formula for s. You can work out the 
constants of integration by substituting the values of v and s at a 
particular time into the formulas for v and s respectively. 


For example, suppose that an object moves along a straight line with 


constant acceleration a = 10ms~?, and that v =Oms~! when t = 0 s. 


dv 
Then — = 10, so v = 10t + c, where c is an arbitrary constant. 


dt 


But we know that v = 0 when t = 0, so substituting these values into the 
formula for v gives 


0=10x0+<¢, 
soc=0. 
Hence the formula for the velocity v of the object in terms of time is 


v = 10t: 


The next activity asks you to find the displacement of an object from its 


acceleration, given its velocity and displacement at the start of the motion. 
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Activity 45 Using integration to investigate motion along a straight 
line 


Suppose that a ball is thrown vertically upwards with initial speed 
10ms~!, from a point that is two metres above the ground. Assume that 
its subsequent motion is modelled as having a constant acceleration of 
—9.8ms~?, where the positive direction along the line of motion is 
upwards. 


Let the acceleration, velocity and displacement of the ball at time t 
(in seconds) after it was thrown be a (in ms~?), v (in ms~!), and s (in m), 
respectively, where displacement is measured from the ground. 


(a) Find an equation that expresses v in terms of t (with no arbitrary 
constant). 


(b) Hence find an equation that expresses s in terms of t (with no 
arbitrary constant). 


(c) Use the formulas that you found in parts (a) and (b) to find the 
velocity and the displacement of the ball half a second after it was 
thrown. 


(d) Use the formula that you found in part (b) to determine how long it 
takes for the ball to fall back to the ground. 


(Hint: at the time when the ball has fallen back to the ground, what is 
the value of s?) 


¢ The computer algebra system 


The computer algebra system (CAS) used in MST125 is the same one that 
is used in MST124. 


In MST125, it is assumed that you have already learned to use the CAS to 
perform the following tasks: 


e open, edit, save and print files 

e use variables, functions and lists 

e manipulate algebraic expressions 

e solve equations 

e plot graphs 

e differentiate and integrate functions. 


You can revise these skills in the following activity. 


Learning outcomes 


Activity 46 Using the computer algebra system aca 


If the CAS is not already installed on your computer, then follow the 
instructions in Section 1 of the MST125 Computer algebra guide to 
install it. 


Then, if you have not used the CAS before, or have not used it recently, 
work through Sections 2 and 3 of the MST125 Computer algebra guide 
thoroughly. 


Alternatively, if you are familiar with the CAS, then skim through 
Sections 2 and 3 of the MST125 Computer algebra guide quickly, and try 
the activities in Section 3 to check your skills, revising them more 
thoroughly as necessary. You may find it helpful to refer to the reference 
guide at the back of the Computer algebra guide to remind yourself of the 
syntax needed. 


You have now finished revising the key techniques needed for MST125. We 
hope that you will enjoy studying the module! 


Learning outcomes 


After studying this unit, you should be able to: 

e work with functions, composite functions and inverses 

e translate and scale graphs of functions 

e solve trigonometric equations 

e establish and use trigonometric identities 

e represent vectors both geometrically and using components 
e add and subtract vectors and simplify vector expressions 
e calculate the scalar product of two vectors 

e add, subtract and multiply matrices 

e find the inverse of an invertible matrix 

e differentiate products, quotients and composite functions 
e find the stationary points of a function 

e understand rates of change 

e find indefinite and definite integrals 


e use the computer algebra system. 
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Solutions to activities 


Solution to Activity 1 The graph of h and its image set are shown 
(a) The graph of f(x) = —2(x + 1)? +8 can be below. 

obtained by translating the graph of g(x) by 

1 unit to the left, then scaling by a factor of 2 (rs y 

in the y-direction, then reflecting in the z-axis, (—2,6) 


and finally translating 8 units upwards in the 
y-direction. (Other sequences are possible.) 
= 2 
The vertex of g(x) is at (0,0). Applying the h(a) = —2(x + 1) +8 
translations and scaling to the point (0,0) gives 
the point (—1,8). Hence the vertex of f(x) is at 


LG 
(= 8). L - ) 
When x = 0, we have y = —2(0 + 1)? +8 = 6. 
So the graph crosses the y-axis at (0,6). 
When y = 0, we have —2(x + 1)? +8 = 0. (See Subsection 1.1 for relevant material.) 


So (x +1)? = 4 and z + 1 = +2. Hence x = —3 
or x = 1, so the graph crosses the x-axis at 
(—3,0) and at (1,0). 


The graph of f is shown below. 


(c) No, h does not have an inverse function because 
it is not one-to-one for values of x in the 
interval (—2, 0). 


(See Subsection 1.4 for relevant material.) 


CL en (d) y =3xr-2 
y +2 = 3r 
(0,6) x= 3(yt+2). 
i Hence the rule for the inverse function is 
f(z) = -2(@+1)° +8 k(x) = (a + 2). 
The graphs of k and its inverse k~! are shown 
(—3, 0) (1, 0) below; the axes have the same scale. 
z (See Subsection 1.4 for relevant material.) 


(See Subsection 1.2 for relevant material.) 


(b) The function h has the same rule as the 
function f from part (a), but is only defined 
when —2 < z < 1. 


When z = —2, f(—2) = —2(—2 + 1)? +8 = 6, 
but h is not defined at x = —2 so the point 
(—2,6) is not part of its graph (indicated by a 
hollow dot). 


From the graph of the function f in part (a), 

h(x) takes its minimum value of 0 when x = 1 
and its maximum value of 8 when z = —1. (e) (i) kok(x) = k(3x — 2) 
Hence the image set of h is [0, 8]. 


= 3(3x — 2) — 2 
= Or — 8. 
96 


(ii) fok(x) = f(3a — 2) 
= —2((3a —2)+1)’+8 
= —2(32 — 1)? +8 
= —2(927 — 6r+1)+8 
= —182? + 122 + 6. 

(iii) ko f(x) = k(—2(2 + 1)? +8) 
= 3(-2(r + 1)? + 8) -2 
= —6(x + 1)? + 22 
= —6x? — 127 + 16. 


(See Subsection 1.3 for relevant material.) 


Solution to Activity 2 


(a) 


(b) 
(c) 


When x = 3. 2x — 3 = 0. It is therefore not 
possible to work out f (3), so this rule cannot 
be used to specify a function with domain R. 


Each input value t has two output values t + 8, 


so this rule cannot be used to specify a function. 


When p = 0, s(p) = s(0) = V—12, which is not 
defined, so it is not possible to specify a 
function with this rule whose codomain is R. 
Indeed, s(p) is not defined whenever 

—2<p< 6. 


Solution to Activity 3 


(a) 


The expression under the square root sign has 
to be non-negative, so the domain is the set of 
all values of t such that t > 4; that is, the 
interval [4,00). In set notation, the domain can 
be written t € [4, 00). 


Factorising the denominator gives 

u? — 4 = (u + 2) (u — 2). 
So the denominator is zero when u = —2 or 
u = 2, and h(u) cannot be worked out for these 
values of u. Hence the domain is 
u € R,u # —2,u Æ 2. In set notation, the 
domain can be written as 


2) U (—2, 2) U (2, œ0). 


u € (—co, 


(b) (i) 


Solutions to activities 


Solution to Activity 4 


(a) Since f is a linear function with a restricted 


domain, its graph is part of a straight line. 


When x = —0.5, 

f(x) = f(—0.5) = 3 x (—0.5) — 4 = —5.5, 
but since x = —0.5 is not in the domain, 
the point (—0.5, —5.5) does not lie on the graph 
of f. 
When z = 2, f(x) = f(2) = 3 x 2 — 4 = 2, and 
since x = 2 is in the domain, the point (2,2) 
does lie on the graph. 


The graph of f is shown below. The image set 
(—5.5, 2] is marked on the y-axis. 


From the graph, the image set is (0, 4]. 
(ii) The minimum value occurs at x = 2 and 
the maximum value occurs at x = —1, so 
the image set is [f(2), f(—1)]. 
Now 
f(2)=2x 2 -3x2?-12x2+4 
= —16, 
and 
f(-1) =2~ (-1)? —3 x (-1)? 
— 12 x (—1) +4 
= 11: 


Hence the image set is [—16, 11]. 
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Solution to Activity 5 (b) Put the right-hand side over a common 
(a) (i) The graph of denominator to give 
g(t) =z +2 x—2 =  g= 2 
can be obtained by translating the graph = 3x — D 
of f(x) = 1/x by 2 units upwards. zr—2 
Hence the graph of 
30 —5 
q(x) = 


—2 
can be obtained by translating the graph of 
f(x) = 1/x by 2 units to the right and 3 units 


up. 


1 
YA g(x) =—+2 
SG: 


Sy 


(ii) The graph of 
1 
h(x) = —- 
FT 
can be obtained by translating the graph 
of f(x) = 1/x by 2 units to the left. 


Solution to Activity 6 

(a) (i) The function g(x) = —3e” is of the form 
cf(x) where c = —3 and f(x) = e”. 
So the graph of g(x) = —3e” can be 
obtained by scaling the graph of f(x) = e” 
by a factor of 3 in the y-direction and then 
reflecting it in the x-axis. 

(ii) The function h(x) = e°” is of the form 
f (=) where c = 3 and f(x) =e”. 
c 


So the graph of h(x) = e?” can be obtained 
by scaling the graph of f(x) = e” by a 
factor of - in the x-direction. 
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(iii) The function k(x) = e*~' = e” x et isof (b) Translate the graph of y = x? by 2 units to the 


the form cf(x) where c = 1/e and left to obtain the graph of y = (x + 2)3. Then 
Fr) =e. scale this graph by a factor of i in the vertical 
So the graph of k(x) = e?-! can be direction to as the graph of 
obtained by scaling the graph of f(x) = e” j= (x + 2) 
by a factor of 1/e in the y-direction. This 8 
graph can also be obtained by translating Under this translation and scaling, the point P 
the graph of f(a) = e” by 1 unit to the at (0,0) moves to (—2, 0). 
ight. 
“E Alternatively, you could note that 
(b) (i) The equation of the scaled graph is 93 
ie aA 2T 
y = 3T. y ( 5) ) 
(ii) The equation of the scaled graph is So the graph can also be obtained by scaling 
y= (=) ee the graph of y = x? by a factor of 2 horizontally 
to obtain the graph of y = (2/2), and then 
(iii) The equation of the scaled graph is translating this graph by 2 units to the left. 
y = cos (=) = cos(—2x) = cos(2z). When =U, 
—1/2 _ (+27 _, 
(iv) The equation of the scaled graph is a g T 
y = — 2e” so the y-intercept is 1. The graph is shown 
Ser. 


below. 

Solution to Activity 7 

(a) Translate the graph of y = x? by 1 unit to the 
right to obtain the graph of y = (x — 1)?. Then 
translate this graph 2 units downwards to 
obtain the graph of y = (x — 1)? — 2. 
Under these translations, the point P at (0,0) 
moves to (1, —2). 
When zx = 0, y = (0 — 1)? — 2 = —3, so the 
y-intercept is —3. The graph is shown below. 


(c) Note that (2 — x)? = (—1)?(x — 2)3, so 

y = —(x — 2)’. To obtain the graph of 

y = —(x — 2)’, translate the graph of y = z? by 
YA 2 units to the right to obtain the graph of 
y = (x — 2), then reflect this graph in the 
x-axis to obtain the graph of y = —(a — 2). 


Under this translation and reflection, the point 
P at (0,0) moves to (2,0). 
Alternatively, you could note that 
._ (e=2 3 
v= (=) 
So the graph can also be obtained by reflecting 


the graph of y = zx? in the y-axis to obtain the 
graph of 
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then translating this graph by 2 units to the 
right to obtain the graph of 


_ fe-2 
y= i . 
When zx = 0, y = (2— 0)? = 8, so the 
y-intercept is 8. The graph is shown below. 


Solution to Activity 8 
(a) (f° 9)(x) = f(g(z)) 
= f(4— 27) 
= 2(4-2a7)-1 
= —2g? +7. 
(b) (go f)(x) = g(f(2)) 
= g(2x — 1) 
=4- (2x — 1)’ 
= 4 — (4z? — 4z + 1) 
= —4r? + do + 3. 
(c) (go fo f)(x) = 


= 4 — (16g? — 24r + 9) 
= —16x? + 247z — 5. 


100 


Solution to Activity 9 
(a) The graph shows that f is decreasing on its 


whole domain [—3, 1], so it is one-to-one and 

therefore has an inverse function. From the 

graph, the image set of f is [1,13], so the 

domain of f~! is [1,13]. The equation 

y = 4 — 3x can be rearranged as follows. 
y=4- 32 


3x =4-y 
4—y 
L=—. 
3 
=i 4- y 3 
Hence the rule of f~*(y) = E that is, 
4— 
Fas = So the inverse function of f is 


foe) = => (x € [1, 13]). 


The graphs of f and f~! on axes with equal 
scales are shown below. 


(b) The graph shows that g is not one-to-one on its 


whole domain, since it is possible to draw 
horizontal lines which meet the graph more than 
once. So g does not have an inverse function. 


Alternatively, you could note that 

g(—1) = g(1) = g(2) = 0, 
so g is not one-to-one and hence does not have 
an inverse function. 


Solution to Activity 10 


(a) 


Xy 


(f 
L E 


The point P on the unit circle associated with 
the angle 77/4 lies in the fourth quadrant (see 
the figure above). Hence the cosine of the angle 
is positive and the sine and tangent are 
negative. (You can see this by using the ASTC 
diagram.) 


The sizes of the sine, cosine and tangent of 77/4 
are the same as the sizes of the sine, cosine and 
tangent of 7/4, the acute angle between OP 
and the x-axis. 


Hence 
; Cs if Hh 1 
sin (=) = — SIN (7) = me 
Similarly, 
7 1 
cos (=) = + COS (7) = Z 
and 


(See Subsection 2.1 for relevant material.) 


The sine of 0 is negative, so the ASTC diagram 
tells us that 0 must be a third- or fourth- 
quadrant angle. The diagram below shows the 
associated acute angle ¢ with the x-axis for 
each of these possibilities. 


Solutions to activities 


Here 
1 
sinl = ——=, 
2 
so 
1 
sing = —, 
j 2 
and hence 


at | o 
o = sin (=) = 45°. 
So, using the diagram, the solutions are 
0 = 180° + ¢ = 180° + 45° = 225° 
and 
6 = 360° — ¢ = 360° — 45° = 315°. 
(See Subsection 2.1 for relevant material.) 


The graph of cos 0 for =r < 0 < m is shown 
below. 


cos 04 
I 1 I 
= iit 0 1 TO 
2 2 
I 27 


The inverse cosine function can be used to find 
the solution that lies in the interval [0,7]. This 
solution is 0 = cos™ 1 (0.3), which is 1.27 radians 
(to 3 s.f.). 


Using the symmetry of the graph, the other 
solution is —1.27 radians (to 3 s.f.). 


(See Subsection 2.1 for relevant material.) 
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(d) The most convenient trigonometric identity to Hence, using the special angles table, 


use here is . 3m R 1 
sin? 8 = $(1 — cos(20)). sin ( 4 ) 7 sin (7) ~ V2 

Substituting cos(20) = 2 gives 

(1-5) “j 


2 
AS 


sin? 0 = 


CUR NIE ble 


Hence sin @ = + z 


The angle 0 is acute, so sin is positive and Z 


hence = 
1 
sin 0 = re = VB y 


Solution to Activity 11 


| 
Sy 


(a) The point on the unit circle which corresponds 
to an angle of —3r has coordinates (—1,0). So 
aa is the x-coordinate of this point, that Solution to Activity 12 

(a) The tangent of 0 is negative so, from the ASTC 

one diagram, 0 is a second- or fourth-quadrant 

from the ASTC diagram, tan | — } is negative. angle. The two possibilities are shown in the 
3 diagrams below, which also show the 


corresponding acute angle ¢ with the x-axis. 


(b) The angle 27/3 lies in the second quadrant so, 


From the diagram below, the associated acute 
angle with the z-axis is 7/3. 


Hence, using the special angles table, th i 


tan (=) =—tan (=) = - v3. a VAIN 
P A WE 


RY 


il 
Now 
tan 0 : tan ġ - 
Qn anf = ——, so tan@d=—. 
AT v3 v3 
7 Therefore, from the special angles table, ¢ = Hf 


6 


(c) The angle —37/4 lies in the third quadrant so, 
from the ASTC diagram, sin (-3) is 


negative. From the diagram below, the 
associated acute angle with the x-axis is 7/4. 
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Hence, from the above diagrams, the solutions 
are 


T 5r 
0 = — $ — — = — 
T—-Q=T A 5 
and 
T Tir 
8=2 — — — — = — 
mey 6 6 


The sine of 0 is negative so, from the ASTC 
diagram, 0 is a third- or fourth-quadrant angle. 
The two possibilities are shown in the diagrams 
below, which also show the corresponding acute 
angle ¢ with the z-axis. 


Yh Yr 


Here 

sinf = —0.8, so singd=0.8. 
Therefore, using a calculator, 

¢ = sin™ + (0.8) = 53.130...°. 


Hence 
6 = — (180° — ¢) = —(180° — 53.130...°) 
= —126.870...° 
and 


0 = —¢ = —53.130...°. 
So the solutions are —53° and —127°, to the 
nearest degree. 


Solution to Activity 13 


(a) The graph of the sine function on the interval 


[—180°, 1805] is shown below. The graph also 
shows the horizontal line at height 0.2 and the 
crossing points. 


Solutions to activities 


sin 0 A 


\ 


Distances are 12° 


One solution (the solution between —90° and 
90°) is 

0 = sin™ t (0.2) = 11.536.. .°. 
From the symmetry of the graph, the other 
solution is 

6 = 180° — 11.536 . . .° = 168.463...°. 
So the solutions are 12° and 168°, to the nearest 
degree. 

(b) The graph of the tangent function on the 
interval [—7, 7] is shown below. The graph also 
shows the horizontal line at height —3 and the 
crossing points. 


itan OA 


Both distances are ~ 1.25 
One solution (the solution between —7/2 and 


1/2) is 
= tan’ 1(—3) = —1.249.... 
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From the symmetry of the graph, the other 
solution is 
0 = m — 1.249... = 1.892.... 


So the solutions are —1.25 radians and 
1.89 radians (to 3 s.f.). 


Solution to Activity 14 
T 1 1 2 
(a) cosec (5) 


a (F) -Z 


(b) We have 


Q 
© 
Mv 
ae Ss. PSN ES 


wl awla wl 


1 
sin(26) ° 
So, g(9) is not defined when sin(20@) = 0; that is, 
g(0) is not defined when 20 = nz and hence 
when 0 = nz/2, where n is an integer. 


g(0) = cosec(20) = 


Solution to Activity 15 


(a) Dividing both sides of the identity 
sin? 6 + cos? 8 = 1 by cos? 0 gives 


sin? 6 = a 
cos? 6 ~ cos? 6’ 
that is, 


tan? 0 +1 = sec? 0. 
(b) Dividing both sides of the identity 
sin? 6 + cos? @ = 1 by sin? 6 gives 
cos? 6 _.t... 
sin?6 sin? @’ 
that is, 
1 + cot? 6 = cosec? 6. 


Solution to Activity 16 
Using the double-angle identity for cosine, 
cos(2¢) = 2 cos? ġ — 1 
2 
=2x (}? -1 
1 


— 5: 
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Solution to Activity 17 


(a) Let a be the first displacement of 4km 
on a bearing of 210°, and b be the second 
displacement of 7km on a bearing of 290°. 
The resultant displacement of the hiker is 
a + b, as shown below. 


3 


We know that |a| = 4 and |b] = 7. 


Since alternate angles are equal, the angle 0 
marked on the diagram at the tip of a 
is 210° — 180° = 30°. 
The angle ¢ marked at the tail of b is given by 
o = 360° — 290° = 70°. 
So the bottom angle of the triangle is 
6+ @= 30° + 70° = 100°. 
The distance the hiker has travelled from her 
starting point is |a + b|. Applying the cosine 
rule gives 

Ja + bl? = |al? + |b|? — 2|al|b| cos(8 + 4), 


ja + b| = y4? +72 — 2 x 4 x 7 x cos 100° 


= 8.644.... 


SO 


The bearing of the hiker’s final position from 
her starting point is 210° + a, where a is the 
angle shown on the diagram. 


The angle a can be found by using the sine rule: 


|b] _ [a+b] 
sina sin(@+¢) 
. |b| sin(80 +)  7sin 100° 
sina = = ; 
ja + b| 8.644... 
Now, 
7 sin 100° 
sn —1 — o 
sin E = 52.88... 


So a = 52.88...° or 
a = 180°— 52.88...°= 127.11...°. 


But |b| < |a + b|, so we expect a < 6+ ¢; that 
is, œ < 100°. So a = 52.88...° and hence the 
bearing of a+ b is 


210° + 52.88...° = 262.88. ..°. 


Hence the hiker has travelled a distance of 
8.6km (to 2 s.f.) from her starting point, on a 
bearing of 263° (to the nearest degree). 


(See Subsection 3.1 for relevant material.) 
(b) (i) a+2b—0.5¢ = (i- j) + 2(-2i1+j) 

— 0.5(6i — 4j) 
=i-j—4i+ 2j—3i+ 2j 
= —6i + 3j. 

The magnitude of this vector is 
VCO TR = VE 
= 3V5 = 6.7 (to 2 s.f.). 


The diagram below shows the direction of 
the vector. 


YA 


Q 
6 270° 


Qv 


From the diagram, tan ¢ = 3 = $, so 

ġ = tan”! (5) = 27°, 
to the nearest degree. Hence the bearing is 
270° + 27° = 297°, to the nearest degree. 


(ii) 2 (4) 7 (5) a“ e J (<5) 


The magnitude of this vector is 


(—8)? + (—3)? = V73 = 8.5 (to 2 s.f.). 


Solutions to activities 


The diagram below shows the direction of 
the vector. 


A 


Sy 


From the diagram, tan ¢@ = 3. so 
$ = tan”! (2) 221", 
to the nearest degree. Hence the angle 0 
that the vector makes with the positive 
x-axis is —(180°— 21°) = —159°, to the 
nearest degree. 
(See Subsection 3.2 for relevant material.) 
(c) The component form of the vector p is given by 
p = 5cos(—130°)i + 5 sin(—130°)j 
= —3.21i — 3.83] (to 3 s.f.). 
(See Subsection 3.2 for relevant material.) 


(d) p-q=2x3+(-3) x (-2)+1x0=12. 


pl = VZ FCP = VI, 
al = VFC FE = VB 


So, if 0 is the angle between p and q, then 
P'q 


12 
cos 0 = = = 0.889... 
Ipla] v14 x v13 
and hence 
= cos™! (a) = 27.18...° 
v14 x V13 TO 


So the angle between the vectors is 27°, to the 
nearest degree. 


(See Subsection 3.3 for relevant material.) 
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Solution to Activity 18 


Denote Milton Keynes by M, Nottingham by N, 
and Birmingham by B. 


We know that MN = 109km and NB = 75km. 
Since the bearing of MN is 342°, the acute angle at 
M between MN and north is 360° — 342° = 18°. 
Since the bearing of NB is 222°, the acute angle at 
N between NB and south is 222°— 180° = 42°. 


These angles are shown in the diagram below. 


; 


q 18° 


Since alternate angles are equal, the angle marked ġ 


at the tip of MN is 18°. 
Hence, the angle at the top of the triangle is 
42° + 18° = 60°. 
The distance from M to B is MB. Applying the 
cosine rule in triangle MNB gives 

MB? = NB? + MN? —2 x NB x MN x cos60°, 
so 


MB = y 75? + 109? — 2 x 75 x 109 x cos 60° 
= v 9331 = 96.597... 
= 97 km (to the nearest km). 
To find the bearing of B from M, we first need to 
find the angle a shown in the diagram. By the sine 
rule, 
MB NB 
sin60° sina 


: T5 sin 60° 
sin a = ———— 
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Now 

a =sin *(0.6724...) = 42.252...°, 
or 

a = 180° — 42.252...°= 137.748...°. 
But NB < MB, so we expect a < 42° + ¢ = 60°. 
Therefore a = 42.252...° 
Hence the bearing of B from M is 

360° — 18° — 42.252...° = 299.747...°. 
So the magnitude of the displacement of 
Birmingham from Milton Keynes is 97km (to the 
nearest km) and the bearing is 300° (to the nearest 
degree). 


Solution to Activity 19 


Nie 


1 
qu Vy 


Solution to Activity 20 

(a) 2(a—b) — 4(c — b) + 3(a — 2b + 3c) 
= 2a — 2b — 4c + 4b + 3a — 6b + 9c 
= 5a — 4b + 5c 

(b) (i) 3a+2x=4a-c 

2x =a-—c 

x = $(a—c) 

(ii) 3x — 2(b — 2c) = 4(a+ b) + 3(b — 2x) 
3x — 2b + 4c = 4a + 4b + 3b — 6x 
9x = 4a + 9b — 4c 


x = (4a + 9b — 4c) 


Solution to Activity 21 


(a) 2p- q- 3r 
= 2(3i — 2j) — (2i + j) — 3(—2i + 33) 
= 6i- 4j -— 2i-j + 6i- 9j 
= 10i- 14j 


aa al a 


a ere cen 


(c) 0.5e + 1.5£ 


— 
& 
Q 


Soluti 
(a) (i) 


0.5(3i — 2j + k) + 1.5(3i — 4j — 2k) 


1.5i — j + 0.5k + 4.51 — 6j — 3k 
6i — 7j — 2.5k 
2 —a —1 
—3 | +4 a | — 3a 2 
1 —2a —3 


ax2+4x (—a) — 3a x (-1) 
a x (—3)+4xa-—3ax 2 

ax1+4x (—2a) — 3a x (—3) 
a 

—bda 

2a 


on to Activity 22 


[3i— j] = v (8)? + (-1) 
= v10 = 3.2 (to 1 d.p.). 
YA 
3 
b 


RY 


From the diagram, 

tango = $, 
so 

$ = tan™t (4) = 18.43.. .°. 
Hence the angle, labelled 0, that the vector 
makes with the positive x-direction is 

360° — 18.43.. .° = 341.56.. .° 

= 341.6° (to 1 d.p.). 

Alternatively, you could express the angle 
with the positive x-direction as a negative 


angle, measured clockwise. In this case, 
the angle is 


—ġ = —18.43...° 
= —18.4° (to 1 d.p.). 


Solutions to activities 


=2\ 
_3) 38 


(—2)2 + (—3)? = v13 = 3.6 (to 1 d.p.). 


(ii) The magnitude of the vector 


YA 


Sv 


From the diagram, 

tang = 3, 
so 

$ = tan? (3) = 56.30...°. 
Hence the angle, labelled 0, that the vector 
makes with the positive x-direction is 

180° + 56.30...° = 236.30...° 

= 236.3" (to 1 d.p.). 

Alternatively, you could express the angle 
with the positive x-direction as a negative 


angle, measured clockwise. In this case, 
the angle is 


(180°— ¢) = —(180° — 56.30...°) 
= —123.70...° 
= —123.7° (to 1 d.p.). 
(b) (i) | —i+2j — 4k] = /(—1)? + 2? + (4)? 
= v21. 
—2 
Gi) ff- hl = ae + ae + v3 
v3 


= V8. 


Solution to Activity 23 
(a) The component form of r is 

r = 4.5 cos 165°i + 4.5 sin 165°j 
—4.3i + 1.2j (to 2 s.f.). 
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(b) The vector w has bearing 190°, so it makes an 
angle of 360°— (190°— 90°) = 260° with the 
positive x-direction, as shown below. 


‘ 
260° wo) 


Hence, by the formula for components, 
w = 5 cos 260°i + 5 sin 260°j 


= —0.87i — 4.9j (in ms *, to 2 s.f.). 


Solution to Activity 24 
(a) (i) 


If a and b are perpendicular, then the 
angle between them is 90°. Hence 
a- b = |a||b| cos 90° = 0. 
Conversely, if a+ b = 0, then 
|a||b] cos @ = 0. Since a and b are non-zero 
vectors, |a| 4 0 and |b| 4 0. Hence 
cos 0 = 0 and so 6 = 90°. 
(ii) Let the angle between a and b be 6. Then 
a+b = |a\|b| cosé 
= |b||a| cos 0 
=b-a. 
(b) If i, j and k are the Cartesian unit vectors, then 
these three vectors are mutually perpendicular. 


Thus the angle between any pair of these 
vectors is 90°, and since cos 90° = 0, 


ej<i- keke t= 0, 


The magnitude of a unit vector is 1 and the 
angle between a vector and itself is zero. 


Since cos 0° = 1, 
j-j=k-k 


i-i 1 x 1 x cos0°=1. 
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Solution to Activity 25 
We have 
a. b= 1x (-2)+2x1+4(-1)x2=-2, 


a) =P yp =v, 
Ib] = (CaP +P ee = VO =3, 


So, if 0 is the angle between a and b, then 


and hence 
6 
6 = cos! (5) = 105.79.. .°. 


So the angle between the vectors is 106°, to the 
nearest degree. 


Solution to Activity 26 
. 0.5 1 -2 4 
(a) (i) æ-3Q=2(° 3) -2( 3 4) 


(See Subsection 4.1 for relevant material.) 


(ii) Since Q is a 2 x 2 matrix and R is a 2 x 1 
matrix, the number of columns of Q equals 
the number of rows of R and the product 
QR can be formed. QR has size 2 x 1. 


a- (3 DC) 
_ Ce x (-1) + 4x ;) 
3 x (-1)+ (-1) x3 


(See Subsection 4.1 for relevant material.) 


a po (0.5 1\ (05 1 
Gi) P? = (°; 9 12 
1x0.5+2x1 


(125 25 
koe 5j’ 


(See Subsection 4.1 for relevant material.) 


1x1+2x2 


Ao a 


(iv) det Q = (-2) x (-1)-3x 4 =2-3=8. 


Since det Q 4 0, the matrix has an inverse. 


The inverse is 


(See Subsection 4.2 for relevant material.) 


3P + 2R cannot be calculated because P 
and R are different sizes. 


(See Subsection 4.1 for relevant material.) 


(ii) R? cannot be calculated because R is not 
a square matrix. 


(See Subsection 4.1 for relevant material.) 


(iii) det P = 0.5 x 2 — 1 x 1 = 0, so P has no 
inverse. Hence P~! does not exist. 


(See Subsection 4.2 for relevant material.) 


Solution to Activity 27 
ae -2 3 
) 2a-sB=2(! 2) -3(2 2) 


=(5 <)-(3 0) 
(5? 2—0) 


248 -13 
= 5 ig)" 


Taking out a scalar factor of —5 gives 
—10 —15 
o=(o Z5) 
2 3 
IE 1) 


(b) G) 


Solutions to activities 


(ii) Taking out a scalar factor of $ gives 


`x 
a 


Solution to Activity 28 


(a) P is a 3 x 2 matrix and R is a 2 x 1 matrix, so 
the product PR. can be formed and its size will 
be 3x1. 


2 —3 9 
PR = 4 —1 (G) 
—2 1 
2x 2+ (-3) x1 
=| 4494 (-1) 41 
(—2)x2+1x1 
1 


7 
—3 


(b) Ris a 2x 1 matrix and P is a 3 x 2 matrix. 


The number of columns of R is not equal to the 
number of rows of P, so the product RP 
cannot be formed. 


ae- (33C 


_ ((—3) x (-3)+2x1 
a ree an ire 


m2 
oo sae) 


(d) Two matrices can be multiplied together only if 
the number of columns in the first matrix 
equals the number of rows in the second matrix. 
Hence a matrix can be multiplied by itself only 
if the number of columns is the same as the 
number of rows. Since m Æ n, it is not possible 
to calculate M?. 


(-—3)x2+2x4 
1x2+4x4 


Solution to Activity 29 


_ (ai ay\ f1 0 

(a) ar= (gn A f 4 
= ayy X l+ajyo x0 ayy XO+ a2 x 1 
~ a21 X 1 + a22 x 0 a21 X O+ a29 x 1 
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i nC aa 
a22 
1 x ay, +0 X a21 1 x ajo +0 x a22 
Ox ayy +1 xaz OX aiz +1 x az 
a12 
re 
Hence i 24 


b) B= (bn a Y ') 
=i 


A bıı X 0+ biz x 1) 
= (bi bi2) = 


I is a 2 x 2 matrix and B is a 1 x 2 matrix. So, 


the number of columns of I does not equal the 
number of rows of B and hence IB does not 
exist. 


Solution to Activity 30 


(a) We have det A = 3 x 4 — (—2) x 1 = 14 #0. 
Therefore A is invertible and 


_ 4 —1 
A ‘=a (3 AE 


(b) Here, dettB=3x6—-—2x9=0. 
Therefore B is not invertible. 


(c) We have det C = —5 x (-3) — 6 x 4 = —ž #0. 
Therefore C is invertible and 


—3 —2 

-1__2 3 
C =£ z i 
2 


Solution to Activity 31 


(@) O y= @r~1) (30-2) 


NY 
II 
ow 
ASY 
Dm Ww 
NIe wl 
Se 


4 
= 6z? — 327-84 - 

£ 
= 6x? — 3r? — 8 + 4x7 t. 


Using the sum rule and the constant 
multiple rule gives 


d 
SY _ 6 x 3a? — 3 x 2s — 0 +4 x (-1)x7? 
dx 
r 4 
= 182° = 8a — -z 
H 


(See Subsection 5.1 for relevant material.) 
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(ii) The function y = e°°*) is a composite 
function. Let u = cos(2z). Then y = e”. 


d 
Hence Ue —2sin(2x) and U = ev, 


da du 
By the chain rule 
dy dy du 
dx  dudz 


= (e”)(—2sin(2z)) 
= —2¢°8(7) sin(2z). 
(See Subsection 5.2 for relevant material.) 
(iii) The function h(x) = z? (cos(2x) + sin(2z)) 
is a product of the two functions f(z) = 
and g(x) = cos(2z) + sin(2z). 
Differentiating the two functions gives 
f'(x) = 3a? 
and 
g (x) = —2sin(2xr) + 2 cos(2z). 


Applying the product rule, 
h(x) 
= f(x)g'(x) + g(x) f"(2) 
= z? (—2sin(2x) + 2cos(2z)) 
+ (cos(2x) + sin(22)) (327) 
? ((22 + 3) cos(22) 
+ (3 — 2x) sin(2z)). 


(See Subsection 5.2 for relevant material.) 


t 
(iv) The function s(t) = PE is a quotient 
n 
formed from the two functions f(t) = t 
and g(t) = Int. 
Differentiating these two functions gives 
J) =1 and g (t) = 1t: 
Applying the quotient rule, 
'(t)— f(t)g'(t 
W(t) = IOF E) A )g'(t) 
(g(t)) 
_Intx1-tx1/t 
7 (Int)? 
_int=1 
~~ (Int)? 
(See Subsection 5.2 for relevant material.) 


(b) Differentiating the function 
f(z) = 3z + 42° — 1227 +1 
using the sum and constant multiple rules gives 
f'(x) = 122° + 122? — 247. 
The stationary points occur when f'(x) = 0, 
that is, when 
12x? + 122? — 247 = 0 
12z(z° +x -— 2) = 0 
12æ(x — 1)(£ + 2) = 0. 
Hence the stationary points occur at x = 0, 
x = 1 and z = —2. Now 
f(0)=3x 0*4+4x08-12x0?4+1=1, 
fi =3xi44e Pee Pei 
SO teat Sd, 


and 
f(—2) = 3 x or 445 
— 12 x (—2)? +1 
=3 x 16 +4x(—8)—-12x4+1 
= 48 — 32 — 48 + 1 = —31. 
The coordinates of the stationary points are 
therefore (0,1), (1, —4) and (—2, —31). 
Differentiating f'(x) = 12x3 + 12x? — 24x gives 
f(x) = 36a? + 24g — 24 = 12(32? + 2z — 2). 
Now 
f"(0) = 12 x (3 x 0? +2 x 0 — 2) = —24, 
f"(1) =12 x (3x 1° +2 x 1-— 2) = 36, 


f”(—2) = 12 x (3 x (—2)? + 2 x (—2) — 2) 
= 12 x (12 — 4 — 2) = 72. 
Hence by the second derivative test, there is a 
local maximum at (0,1) and local minimums at 
(1, —4) and (—2, —31). 
(See Subsection 5.3 for relevant material.) 


(c) The velocity of the particle is given by 


= — = 50 — 10t. 
oat 
ds ; 

Hence FT 0 when 50 — 10t = 0, that is, when 
t= 
Now 

d?s SÙ 

dt? 


Solutions to activities 


So, by the second derivative test, there is a local 
maximum when t = 5. The maximum 
displacement (in m) of the particle is therefore 


50 x 5—5 x (5)? = 125. 
(See Subsections 5.3 and 5.4 for relevant 
material.) 


Solution to Activity 32 
(a) f(x) =2sinz — 4cos x + 5tanz, so using the 
sum rule and the constant multiple rule gives 
f'(x) = 2cosz + 4sin g + 5sec? z. 
(b) Here 
5 
g(x) = Tx? + = r(2x? —3) +6 
= 7x? + 5x7! — 2x3 + 3z + 6, 


SO 
g'(x) = 142 — 587? — 2 x 327 +3 


Sim 2 — 6x? +3. 
LZ 


(c) By the properties of logarithms, we have 
y = In(5z) = In(5) + In(z), 


so 
Wl 
d£ x 
(d) The function is 
(7 = 3) +1) 


p= 
q? 

Le he -34-3 

= a 

=q +1- 30! — 3q? 
So 

dp = 3 6 
= 18 6¢ = 14 4 = 
a + dq ~ + bq te p 


Solution to Activity 33 
(a) (i) 


The function is k(x) = z sin z. 
Let f(x) =z and g(x) = sin z. Then 
f'(z) =1 and g'(x) = cosx. Hence, by the 
product rule, 

k'(x) = f(x)g'(x) + g(x) f (2) 


= zrcosz + 1 x sinz 


= g cos z + sin 7T. 
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(ii) The function is y = e” tan z. 
Let u(x) = e” and v(x) = tanz. Then 


= et and = sec? z. Hence, by the 
product rule, 
dy du du 
dr “dr | dz 
= e” (sec? x) + (tan z) (e7) 
= e” (sec? x + tan z). 
(iii) The function is r = t? Int. 
Let u(t) = t? and v(t) = Int. 
du dv 1 
Then n 3t? and o 
Hence, by the product rule, 


dr _ La du 
d "d dé 


= (+) + (Int) (3t?) 
=?7(1+3lnt). 
(b) We need to find the derivative of 
p(t) = Vtsect = t? sect. 
Let f(t) =t2 and g(t) = sect. Then 
fo= liz and g'(t) = sect tant. 
Hence, by the product rule, 
p'(t) = FO E) + 9) E 
= (t?)(sect tant) + (sec t) (a3) 
= sect G tant + Jema) 


sect 
= SeT (2ttant +1). 


E 


The gradient at t = 7/3 is therefore 


r (5) = S209) (2 (2) un (8) +1) 


= 4,522...=4.5 (to 1 dip.). 
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Solution to Activity 34 


(a) 


2z +1 
Since k(x) Imag? We have k(x) T 


where f(x) = 2x3 +1 and g(x) = Inz. 


1 

Now f'(x) = 6x? and g'(x) = —. Hence, by the 
x 

quotient rule, 


w(x) = SL) = (2) 0'(@) 


(g(x)? 
(In z)(622) — (22° +1) (=) 
7 (ln z)? 
_ 6x7 lng — 223 — 1 
z(ln z)? 
As r(y) = —. we have r(y) = fa where 


f(y) =e% —1and gly) =e% +1. 


Then f’(y) = e” and g’(y) = e”. So, by the 
quotient rule, 


_ gly) f (y) — fya'y) 


(9(y))? 
(E (E) ~ (eet 
(0 +p 
B 2e” 
CES), 
For z3 
a +e¢4+1’ 


the top function is x? and the bottom function 
isa*+a2+1. 
By the quotient rule, 
dy (a? +2+1)(32?) — 3(2¢ +1) 
de —(isé‘ (Hee HR 
3a* + 34° + 32? — 224 — r? 
a 
_ at + 203 + 32? 
m TF 
x? (x? + 2x + 3) 
TES 


(d) For 


sinn 
m(n) = tann = 


cosn’ 
the top function is sinn and the bottom 
function is cosn. By the quotient rule, 
; (cos n)(cos n) — (sinn)(— sinn) 
m(n) = — > 
cos? n 
cos? n + sin? n 
cos? n 


= = ee = sec? n. 
COs* n 


Solution to Activity 35 


(a) Since y = e* , if we put u = z?, then we have 


y= gt, 
This gives a = 2 and L =e". 
da du 
Hence, by the chain rule, 
dy dy du 
dx du dx 


= (e")(2x) = ae” . 


(b) Here, r = v st + 2s? + 3, so if we let 
u = st + 28? + 3, then r = yu. 


Nie 


d d 
This gives E = 453 + 4s and = = ju 3. 


So, by the chain rule, 
dr dr du 


ds du ds 
1 
= 5h (45° + 4s) 
2(s? + s) 
Vst +282 +3 


(c) We have g(x) = tan(cx), where c is a constant. 


Applying the chain rule directly gives 
g'(x) = csec? (cx). 


Alternatively, let y = g(x) and u = cz. Then 


y = tanu. 
d d 
This gives -cand & = sec? u 
dz du 
Hence, by the chain rule, 
d dy d 
g'(x) = = = T E = (sec? u) x c = csee? (cx). 


(d) For s(p) = In(p* + 1), applying the chain rule 
directly gives 


x (4p*) = 


pt+1 pt+l1 


Solutions to activities 


Alternatively, if we let y = s(p) and u = pt +1, 
then y = Inu. 


d d 1 
This gives N- 4p? and M 
dp du u 
Hence, by the chain rule, 
dy dydu 1 4p? 
1 _ — = 4 3 L : 
SAP) dp du dp aR) pt+1 


Solution to Activity 36 
(a) For z = cos(20) sin(40@), using the product rule 
and then the chain rule gives 
a EE A T) 
E T do 
= 4cos(26) cos(40) — 2 sin(4@) sin(26) 
= 2(2 cos(26) cos(40) — sin(46) sin(20)). 
: x COST 
(b) The function f(x) = ad 
_ g2) 


——_, where g(x) = z cosx and 
x 


has the form 


h(x) = z? + 4. So we can use the quotient rule 
to differentiate f(x), and we also need the 
product rule to differentiate g(x). 
Using the product rule gives 

g'(x) = cosg — r sin z. 
Also, h'(x) = 2x. Thus the quotient rule gives: 
f(z) = 


(x? + 4)(cosx — z sin x) — (x cos x)(2z) 


+a? 
_ (£? +4—- 227) cos x — s(x? + 4) sina 
> (a? + 4)? 
_ (4-27) cosa — a(x? + 4) sing 

(x? +4)? ` 


Solution to Activity 37 
(a) f(x) = xt — r? + 2x? — 1, so 
f (£) = 4r? — 8x? + 4r 
= 4¢(2? — 22 + 1) = 4r(x — 1)’. 
Hence the equation f'(x) = 0 gives 
4a(az — 1)? =0, 
which has solutions 
z=0 or x= 1 (twice). 


The stationary points of f are therefore 0 and 1. 
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(b) The nature of the stationary points can be 


determined by using the first derivative test. 
Consider the values —1, ł and 2. The values —1 
and i lie on each side of the stationary point 0, 
and the values 3 and 2 lie on each side of the 
stationary point 1. 


The function f is differentiable at all values of x 
(as is every polynomial function). 


Also, there are no stationary points between —1 
and 0, or between 0 and Z. Similarly, there are 
no stationary points between - and 1, or 
between 1 and 2. 


Since f'(x) = 42(x — 1)”, we have 
F(=) =4(=1) x (1. = 1)? = 16, 
f' (3) =4% 9x (G-1) =5, 
f'(2)=4x2x (2-1)? =8. 

Hence the derivative is negative at —1 and 


positive at $, so the stationary point 0 is a local 
minimum. 


Similarly, the derivative is positive at i and 
also positive at 2, so the stationary point 1 is a 
horizontal point of inflection. 


Since f(0) = —1 and 
fQ) =1f-— $ x13 +2x 1°- 1 = 
the coordinates of the stationary points are 
(0,-1) and (1,—3). 


2 
=F; 


(d) The graph of f is shown below. 
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f(z) = zf — 823 + 20? — 1 
YA 


(0, al) 


Solution to Activity 38 


(a) 


We have 
f(x) = 3x4 + iz? — 
so 
f'(c) = 122? +2? — r 
= (122? + æ — 1) 
= g(3x + 1) (4x — 1). 
Hence the stationary points of f are 


ig? +5, 


—4, 0 and L, 
We have 
f(a) = 36r? + 22 — 1, 
sO 
2 
POP = 96 x (+204) -1= 5 


f”(0) = 36 x 0? +2x0-1=-1 
and 
2 
"(4) = 86x (8)? +2(8) -1i 
Hence, by the second derivative test, there is a 


local maximum at x = 0, and local minimums 


L = 
at z= 3 and x = =. 


Solution to Activity 39 


(a) 


The function is 
f(z) = z? — 3a? — 10x + 20. 


Hence 

f'(x) = 3x? — 6x — 10 
and 

f" (x) = 6x — 6. 


Solving f(x) = 0 gives x = 1. 


When x < 1, f” (x) < 0, and when 
x > 1, f(x) >0. Hence f(x) changes sign at 
x = 1, so there is a point of inflection at x = 1. 


Notice that this is not a horizontal point of 
inflection, since f’(1) 4 0. 
The function is 
g(x) = z — 8z? + 24x? — 32x + 40. 
Hence g'(x) = 42° — 24x? + 48x — 32 and 
g” (x) = 122? — 48a + 48 
= 12(2? — 4z + 4) 
= 12(2 — 2)”. 


So g"(x) = 0 when z = 2. 


When z < 2, g(x) > 0, and when 

x > 2, g'(x) > 0. Hence g’’(x) does not change 
sign at x = 2. So there are no points of 
inflection in the graph of g(x). 


Solution to Activity 40 


(a) 


The height s metres of the ball at time t 
seconds is given by 


s=1.1+7t— 5t. 
Hence the velocity vms~! of the ball at time t 
seconds is given by 
— 10t, 


and the acceleration ams~? of the ball at time 
t seconds is given by 


du 

a= at = —10. 
When t = 0.4, we have 

627-10 X04=3, 
and 

a = —10. 
So, the velocity is 3ms~‘ and the acceleration 
is —10 m s72. 
When v = 0, 

7 — 10t = 0, 


so t = 0.7. Hence the ball reaches its maximum 
height after 0.7 seconds. 


When t = 0.7, 
s =1.1+7 x 0.7 — 5 x (0.7)? = 3.55. 


Hence the maximum height reached by the ball 
is 3.55 metres. 


Solution to Activity 41 


(a) 


(i) fto d= f@-1)22+1) da 
= f -2-1)dz 


TC, 


where c is an arbitrary constant. 


Solutions to activities 


=ln|t|— 4 x (=4)t? +c 


2 
=Infil+ ete 


where c is an arbitrary constant. 


(See Subsection 6.1 for relevant material.) 


(b) The function y = sec(22) is a composite 
function, so the chain rule can be used. 


Let u = 2x and y = secu. Then 


du _ 
dx 
and 
dy = sec u tan u 
du ` 
Hence, by the chain rule, 
dy dydu 
dz dudz 
= secutanu x 2 
= 2sec(2x) tan(2z). 
Hence 
[ seca) tan(2x) da 


} f 2sec(22) tan(2x) dx 


= į sec(2x) + c, 
where c is an arbitrary constant. 
(See Subsection 6.1 for relevant material.) 
~ (Q2-1)? 4r?—4r+1 
(O a a 


x3 x3 


Unit 1 Key techniques 


Hence Solution to Activity 42 
2 (2z — 1)? 
. £ da (a) [sxe —1)? dz = [oe —2x+1)dzx 
2 
= f et -40? +2 3) dg =3 f(a 207 + a)dz 
1 
i. 1? = 374 22° + 32’ + c, 
~ f was = where c is an arbitrary constant. 
=| 4mp 1 (b) f (coseesn)(cosee ir + cot ade 
2 2x22 
1 = f (cosec? z + cosec x cot x) da 
4 
m (4 Wip r] 


i 1 = — cot % — cosec x + ¢, 


where c is an arbitrary constant. 
= 4ln2 — 2. 
«i Solution to Activity 43 
(ii) I (cos 30 — sin 8) d0 (a) The indefinite integral of sec? x is tan x + c, so 
9 aie try differentiating F(x) = tan(az). 
= E sin 30 + cos J ‘ By the chain rule, F’(x) = (sec? (ax)) x a. 


= | dsin z + cos (Z) Hini 
8 4 4 


1 
f setaa) dx == J ase(an) dx 


— ($sin 0 + cos 0) a 
1 1 = Saa +c 
“ge d | 
4 where c is an arbitrary constant. 
Sef 
3/2 (b) If y=tan—* (=), then by the chain rule, 
a 
(See Subsection 6.2 for relevant material.) dy _ i. ; 1 
(d) The function e* is positive on the interval dx 1+ (x Ja} a 
[—1, 1]. So the area between the graph of a 
y = ef? and the z-axis from z = —1 tor = 1 is TEI 
een by ene 
Ax 1 | (40 1 1 a 
e7 dt = 7 le | S = = aaa 
L, 4 =i |= dg TE dg 
=1(e4_ e-4 1 
gle =e") = —tan? (=) +c, 
= 13.64... = 13.6 (to 3 s.f.). a a 


; : h j i . 
(See Subsection 6.2 for relevant material.) RETO Ge a Ay Ura 


(e) The interval formed by the limits of integration 
s [-1, 1]. However, the graph of y = 1/x? has a 
discontinuity at x = 0, which lies in this 
interval. Hence the fundamental theorem of 
calculus does not apply, and the integral cannot 
be evaluated. 


(See Subsection 6.2 for relevant material.) 
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Solution to Activity 44 


m/4 
f 3 sin 4z dx 
0 


cos(4x)| K 


cos (4 x (=))) — (—# cos(4 x 0)) 


mm 


| 
nio BI TN 
-+ 
WA] 00 


Aloo AIW 


Solution to Activity 45 


(a) The equation for a in terms of t is 


a= —9.8. 
Integrating this equation gives the following 
equation for v in terms of t: 


v = —9.8t + c, 
where c is a constant. 


At the start of the motion, the velocity of the 
ball is 10ms™t. That is, when t = 0, v = 10. 


Substituting these values into the equation for v 
above gives 

10 = -9.8 x 0+c, thatis, c= 10. 
So the equation for v in terms of t is 

v = 10 — 9.8t. 


(b) 


Solutions to activities 


Integrating the equation found in part (a) gives 
the following equation for s in terms of t: 


s = 10t — 9.8 x 4t +c, 
that is, 

s = 10t — 4.9? + c, 
where c is a constant. 
At the start of the motion, the displacement of 
the ball is 2m, because the ball is initially 
thrown from 2m above the ground, and 


displacement is measured from ground level. 
Therefore, s = 2 when t = 0. 


Substituting these values into the equation for s 
above gives 

2=10x0-—4.9x0?+c, that is, 
So the equation for s in terms of t is 

s = 10t — 4.9? + 2. 
When t = 0.5, 

v = 10 — 9.8 x 0.5 = 10 — 4.9 = 5.1, 
and 

s = 10 x 0.5 — 4.9 x (0.5)? + 2 

= 5 — 1.225 + 2 = 5.775. 


So the velocity of the ball half a second after it 
was thrown is 5.1ms~!, and the displacement 
of the ball at the same time is approximately 
5.8m (to 2 s.f.), measured from the ground. 


When the ball has fallen back to the ground, 
the displacement is zero, that is, s = 0. 
Substituting this value of s into the equation 
found in part (b) gives 

4.9t? —10t -2=0. 
The formula for solving a quadratic equation 
then gives the two solutions 


—(-—10) zie (—10)? —4x4.9x (—2) 
2x 4.9 


Hence, t = —0.18 or t = 2.2 (both values 
to 2 s.f.). 


G= 2: 


t= 


The negative solution can be ignored, since 
t > 0. Hence the ball takes about 2.2 seconds to 
fall back to the ground. 
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